Weak Mean Curvature Flows

Kobe Marshall-Stevens

Notes from Jacob Bernstein’s Fall 2025 topics course

(=D-C<D-C<D



CONTENTS

Preface

1 Classical mean curvature flow
1.1 Parametrised and geometric flows . . . . . .. ... .. ..
1.2 Special solutions . . . . .. .. ... L.
1.2.1  Graphical solutions . . . . . . ... ... ... ...
1.2.2 Translating solutions . . . . . . . ... ... ....
1.2.3 Shrinkers . . . ... ... .. .. ... .. ..
1.24 Expanders. . . ... .. ... ... .. .......
1.3 Basic facts about mean curvature flow . . . . ... .. ..
1.3.1 Existence and uniqueness . . . . . ... .. .. ..
1.3.2 The avoidance principle and embeddedness
1.3.3 Monotonicity formulae . . . . . ... ...
1.4 More sophisticated facts about mean curvature flow
1.4.1 Convex hypersurfaces and embedded curves . . . .
1.4.2 Tll-posedness out of singular initial data . . . . . .
1.4.3 Mean convexity . . . . . .. ... oL

2 Level set flow
2.1 Weak formulations of MCF . . . .. ... .........
2.2 The level set equation . . . .. ... ... ... ......
2.3 Weak solutions . . . . . .. ... ... ... ........
2.4 Uniqueness . . . . . . . . . .. e
2.5 Existence . ... ... ... ...
2.6 Geometric motivation for LSF, . . . . ... ... .. ...
2.7 Generalised mean curvature flow . . . ... ... ... ..
2.8 Geometry of the generalised MCF . . . .. ... ... ..
2.9 Mean convex flows . . . .. ... ... ... .. ... ...

2.10 Regularity of the arrival time . . . . . . .. .. ... ...

0 00 I O O = =



CONTENTS

3 Ilmanen’s biggest flow

3.1 Level set flow on manifolds . . . .. ... ... ......
3.2 Non-compact manifolds . . .. ... ... ... ......
3.3 The finite speed property . . . ... .. ... ... ...
3.4 Proofs of the existence theorems . . . . .. .. ... ...
3.5 Thebiggest flow . . ... ... ... ..
4 Weak set flows
4.1 Set-theoretic solutions of MCF . . . . . . ... ... ...
4.2 Properties of weak set flows . . . . ... ...
4.3 The avoidance principle for weak set flows . . . . . .. ..
4.4 Clinterposition. . . . . . .. .. ... .. ... .. ...,
4.5 Uniform existence times . . . . .. ... ... ... ....
5 Topology change for the biggest flow
5.1 The topological theorem . . . . . ... ... ... .....
5.2 Examples . . . . .. ...
5.3 Flows with boundary . . . . . .. .. ... ... ......
5.4 Path components . . . . . . ... ... ... L.
5.0 Loops . . ...
5.6 Homology at the final time . . . .. ... ... .. ....
6 White’s regularity theorem
6.1 Regularflows . . . . ... ... ...
6.2 The local regularity scale . . . ... .. ... ... ....
6.3 Gaussian density . . . . ... ..o oo
6.4 White’s regularity theorem . . . . . ... ... ... ...
6.5 Comments on Stone’s paper . . . . . .. .. .. ... ...
Bibliography

Please email any typos or comments to kmarsh34@jh.edu.


kmarsh34@jh.edu

PREFACE

These notes were typeset by Claude Opus 5.5 from my handwritten
notes for Jacob Bernstein’s Fall 2025 topics course on mean curvature
flow and weak flows; Lecture 15, which I missed, is typeset from Hunter
Stufflebeam’s notes, and the final chapter covers the closing talks of the
course, given by Kahnrad Braxton.



CHAPTER I

CLASSICAL MEAN CURVATURE FLOW

We begin with the classical (smooth) theory of mean curvature flow:
its definition, some special solutions, and the basic tools (the avoidance
principle and the monotonicity formulae) that we will later want to carry
over to weak flows.

1.1 Parametrised and geometric flows

We write gr and V® for the Euclidean metric and connection.

Definition 1. (Classical mean curvature flow) A classical or
parametrised mean curvature flow (MCF) is a smooth map

F:[0,T) x M™ — R""*

(generally k = 1), where M™ is an n-manifold, such that for each t € [0,T)
the map F(t,-) : M™ — R"** is a (proper) embedding, and

oF

E(t,p) = ﬁ(tap) = AgtF(t,p), (MCF)

where H(t,p) = Hs,(F(t,p)) is the mean curvature vector of ¥, =
F(t,M) at F(t,p). Properness is automatic if M 1is compact.
Remark 1. We recall two descriptions of the mean curvature vector:

o Hy, () = tr(As, (x0)) = Z?ZI(V%Z_EZ-)L, where Ay, is the second
fundamental form and E1, ..., E, is an orthonormal basis of T, %4,
extended to orthonormal vector fields tangent to Xy near xg.

o H(F(t,p)) = Ay, F(t,p) for the induced metric gs = F(t,-)*gr.
We can compute that for R > 0 the sphere of radius R,
S™(R) = {x € R"™!||z|? = R?} c R"",
is such that ﬁgn(R) (z0) = — =70 for any z¢ € S"(R).

4



CHAPTER 1. CLASSICAL MEAN CURVATURE FLOW 5

Remark 2. Ifk = 1 then Hs(p) = —Hs (p)iis(p), where iis, is the outward
unit normal to ¥ at p and Hx(p) is the scalar mean curvature of ¥ at

p.

Example 1. (Shrinking spheres) Fiz M" = S"(1) C R*"! and define
F :[0,T) x M — R" ! by setting F(t,x) = VR2 —2ntx (for R? >
2nT'). This is a MCF by a (calculus) computation, with ¥; = F(t, M) =
S™(v R? — 2nt).

Remark 3. This example cannot be extended as a MCF past time %j,
nor can F even be extended as a smooth map up to this time (due to the
factor vV R? — 2nt — 0). We call this the formation of a singularity.

We see that this is a general phenomenon when M is closed. If F :
[0,T) x M™ — R™* is a MCF of a closed manifold M, consider the
function

p(t,p) = 2nt +|F(t,p)]* > 2nt.

As M is closed, pg = supy p(0,-) = R3 for some Ry > 0 (so ¥ lies inside
S™(Rp)), and one can check that

o _

ot - Agtp

(the heat equation with a time varying metric). The parabolic maximum
principle thus gives p < pg = R%, which combined with p > 2nt shows
that )
r<
— 2n
Remark 4. This only tells us that the flow fails to be classical at some
time! Flows can however cease to be classical without disappearing. For
the ‘dumbbell’ X2 C R? of Figure 1.1, the mean curvature is small on the
spherical lobes and large at the neck, so the neck ‘pinches’ off before the
spherical regions disappear. Thus this flow fails to remain classical without
disappearing (we make this precise in the next section)!

Remark 5. This fails in general if n = 1, by Grayson’s theorem (Theo-
rem 7). Here we are also implicitly assuming that M is connected; otherwise
one can consider nested spheres as a precise example of a flow that fails
to be classical without disappearing!

Remark 6. (Meta principle) MCF is a flow of submanifolds and not of
parametrised submanifolds (which are useful from a computational/PDE

point of view). One should really think of the image of the map F, i.e. of
{Zihiepm) ort €10,T) = By C R*,
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- (<0

Figure 1.1. The dumbbell: the mean curvature is large at the neck and
small on the lobes, so the neck pinches before the lobes disappear.

large m.c.

small m.c.

With this latter point of view, if we had some smooth ¢ : [0,T) x M™ —
M"™ with ¢(t,-) : M — M a diffeomorphism for each ¢, then G(t,p) =
F(t,p(t,p)) satisfies

9G  OF 0y

where the first term is normal to ¥; and the second is tangent to 3; (and
may be non-zero), and H(G) = H(F o). Generally then G is not a MCF,
as it may not satisfy %—t = H(Q). However, noting that DF (%—f) is tangent
to X, we really should be considering

(%f)l ~ H(G) (@)

then if G satisfies (®), so does G o ¢ for any such ¢! This means that (®)
has no uniqueness and no good estimates (since ¢ was arbitrary). We say
that (®) is degenerate parabolic; the original MCF equation was not,
however!

Exercise 1. If G satisfies (®) and M is closed then there is some ¢ as
above such that F = G o ¢ is a classical MCF (i.e. one can fix a gauge!).
Later we will see that this is not a useful point of view.

1.2 Special solutions

We now look at some special solutions, all in the case k = 1.
1.2.1 Graphical solutions

Suppose we have some u : [0,7T) x Q — R, for 2 C R", such that

Y = graph(u(t,-)) = {(x,u(t,z)) |z € Q}.
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If we define G : (t,z) — (x,u(t,x)) then

(aaf—(ow ——
ot y Ut 1—|—|Du’2 Sty

but since
—Du(t,-), 1 - Duf(t, -
ﬁzt = ( u( ! )7 ) and Hzt(G) = diV u( ! ) ﬁzt,
V1+[Du(t,)? L+ [Du(t,)|?

we see that G solves (®) if
w, = /14 |Du|2div <D“> : (GMCF)
V1+[DuP?
which is a quasilinear parabolic PDE.
Example 2. (Grim reaper) Explicitly, if we define Q = (=3, 5) and
u(t,x) =t — log(cos(x)),

then u satisfies (GMCF) on (—o00,00); this is called the grim reaper
(see Figure 1.2). By ‘crossing’ with R¥ factors we get higher dimensional
analogues.

> T

SIE]
NE]

| : |

Figure 1.2. The grim reaper u(t, z) = t—log(cos(z)) at times t = —1,0, 1;
it translates upwards at unit speed.

1.2.2 Translating solutions

If we fix v € R™™! we can look for solutions of the form F(t,-) = tv + Fy
for some fixed parametrisation Fy : M — R™"1; by (®) this is equivalent
to asking that

H(Fy) = vt (translator equation)
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(and v = 0 gives the minimal surface equation!). This is a ‘minimal surface
equation style’ equation, and turns out to be the Euler—Lagrange equation
of some functional (so it is susceptible to variational methods).

Remark 7. No translator can be closed (by finite extinction; c.f. there
are no compact minimal surfaces in R™)!

1.2.3 Shrinkers

If we assume F'(t,-) = /—t Fp for t < 0 (so that ¥y = /—tX_1), then by
(®) this is a solution of MCF if and only if

H(Fy)) = -—-% (shrinker equation)
(so Hs_,(z) = —%) This is a ‘minimal surface like equation’, and is also
an Euler-Lagrange equation.

Remark 8. There are closed shrinkers, e.g. S"(v/2n)!

Also, the Angenent doughnut [Ang92], formed by asking for an S!
symmetry in R3, reduces the shrinker equation to a second order nonlinear
ODE which has a periodic solution (a closed orbit of the ODE in the
half-plane); this gives a shrinker Fp : S! x S! — R3. (Uniqueness of this
shrinker is open!)

Question 1. It might be worth finding an example of some mon-
closed manifold M for which the equations (MCF) and (®) are not
‘related’/ ‘equivalent’; in other words, for which a solution of (®) cannot be
turned into a solution of (MCF) by any choice of ¢ as before.

1.2.4 Expanders

Changing the sign in the shrinker ansatz, we look for ¥y = v/t ¥ for ¢t > 0,
with F} : M — 34 such that

- Jars
HE1 = 71 (T)
(also an Euler—Lagrange equation), but then there are no closed expanders!

Heuristically:

“Shrinkers «~ minimal surfaces in spheres / expanders «~ minimal
surfaces in hyperbolic space.”
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In R?, (1) becomes a second order ODE (which has a “first integral’, so
can be reduced to one first order ODE). Fixing o € [0, 3), let C =
graph(tan(a)|z|) be the cone whose rays make angle o with the z-axis;
there is then an expander, I'}, (its time 1 slice), asymptotic to Cy, and for
‘steeper’ a we get ‘steeper’ I'}, (Figure 1.3). Note then that

lim VtT} =C,

t—0t

in the sense that for some u : [0,00) x R — R, Lipschitz in space and
continuous in time, we have

VTl fort >0,

graph(u(t,-)) = {C for £ < O

the flow ‘achieves its initial data’.

Y

\_/ Ca

1‘\1

«

Figure 1.3. Left: an expander '}, asymptotic to the cone C,. Right:
expanders in the four sectors of C' = ¢; U {5, giving different evolutions
out of C' (schematic).

Moreover, if C = ¢1 U {3 is a pair of lines crossing at the origin, each
making angle o with the z-axis, let I'Y be the expander asymptotic to
the upper half of C, T, = —T'Z, and let X" and ¥~ be the (rotated)

o

expanders asymptotic to the right and left halves of C'. Then one possible
evolution out of C' is

I} =ViTfuVir, fort >0,

another is
Y =VtZtuVtsT fort >0,

and another is the static flow
Q =01 ULy =C.

(Also, any union of these flows out of C, as a set!) Thus, there is no
‘canonical’/unique evolution out of C'!
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1.3 Basic facts about mean curvature flow

1.3.1 Existence and uniqueness

Theorem 1. (Short time existence and uniqueness) Let M™ be closed
and Fy : M"™ — R an embedding (i.e. a parametrisation of a closed
hypersurface). Then there exists a unique maximal time of existence T €
(0,00) and a unique solution F : [0,T) x M — R""! to (MCF) with
F(0,-) = Fy, such that

lim sup [Ap,.)| = oo.
t—T— M
Proof. ‘Standard’ quasilinear parabolic theory. Later, we may see a proof
of this from Evans—Spruck [ES91]. The idea is to reduce it to a scalar
problem over a tubular neighbourhood of Yy; this should work for higher
codimension also. Note that we are working with embedded objects, so we
do need to show that embeddedness is preserved along the flow (this fails
in high codimension). O

This gives us a plethora of examples! In the non-closed case this is more
complicated; this is to be expected, since even for the heat equation
(without growth assumptions) we can see non-uniqueness (Tychonoff
[Tyc35]). There are also examples of initial data that seem to become
singular in finite time.

1.3.2 The avoidance principle and embeddedness

Theorem 2. (Awoidance principle) (Codimension one only.) Let
{Zhepr) and {T7}ep.r) be two MCFs in R"* with %y closed and Ty
proper for allt € [0,T). Then

YoNTog=0 = Etﬂl“t:@forallte[O,T).

Theorem 3. (Preservation of embeddedness) If F : [0,T] x M™ — R"+1,
with M closed, is smooth, F(t,-) is an immersion for each t, and F :
[0,T) x M™ — R"" is a MCF, then F(T,-) : M — R""! is an embedding.

“We should study quantities preserved by the flow!”

Remark 9. Both are codimension one phenomena: e.g. in R3 take round
circles in the xz- and xy-planes, or one grim reaper in the xz-plane and
one in the xy-plane.
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As a consequence we can make the dumbbell argument precise (Figure 1.4).
Let 3¢ be a (closed) dumbbell, so that its flow exists. Put spheres S?(R) in
the lobes; then the flow of ¥y outlives these (e.g. for ¢ < £~ the maximal
existence time of the spheres, the flow is not over). Now surround the
neck by an Angenent doughnut which is sufficiently small; the avoidance
principle then forces a ‘neck pinch’. More precisely, there is some singular
time T' < 7, where 7 is the collapsing time of the doughnut!

Angenent doughnut
20

Figure 1.4. A cross-section of the dumbbell argument: spheres in the
lobes outlive a small Angenent doughnut around the neck, so the flow
must become singular before the doughnut collapses.

By choosing ‘unbalanced’ lobes (one large and one small) you can make
the pinch happen at the edge of a lobe.

To prove both theorems we use the following result:

Lemma 1. (Strict parabolic mazimum principle) Let uy,ug : [0,T] x Bp —
R be smooth and satisfy:

. ul Du;
1. uy,ug solve (GMCF), i.e. = /1 + |Du;|?div (W) for

i=1,2.

2. |DU1| + |D2’LL1| + |DU2’ + |D2U2| < 1.
3. up <ug on [0,T) X Bg.
Then ui (T, -) < ua(T,-), and both functions are bounded.
Proof. Let w = ug — uy, so that by (3) w > 0 on [0,7) X Bg, and by (1)
w solves
ow

5 = 0 Dijw + b Dyw

(which is strictly parabolic) for some (bounded) coefficients
ay = aij(Dul,Dug) and b = bi(Dul, Dugy, D?uy, D2u2),
with a¥ strictly elliptic. To see this, write W; = /1 + |Du;|? and note

that

ow Du Duy  Duy
Wo — W) d Wod Z72 _ Z
ot = (W ) 1V<W1>+ 21V<Wg W1>’
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where D ). D
U] + ug) - Dw
Wy — Wy =
2 ! Wi+ Ws ’
and continue. The strict maximum principle applied to w then gives the
result. O

Proof of the avoidance principle. As Y9 N Ty = () and Yy is closed, if
Yy NT; # O for some ¢ > 0, then some (tg, pg) exists with both

ngEtOﬂFtO and Etﬂft:(l)fort<to,

and, ‘near’ pg, X lies on one side of I'; for t < ¢y close to ty. Writing both
flows locally as graphs over the common tangent plane at pg, we can apply
the lemma above to reach a contradiction! O

Remark 10. (On short time existence) If we had a ‘family’ of embeddings,
F: M x (—e,e) = R with F(-,s) an embedding for each s € (—¢,¢),
then again we get a unique evolution for each member of the family,
i.e. F5(t,-) with F*(0,-) = F(-,s) for s € (—¢,€). Moreover, for each
0 < T’ < Ty, where Ty is the mazimal existence time for FO, there is some
go > 0 such that (t,p, s) — F5(t,p) is continuous on [0, T'] x M X [—&q, €0]
(‘families of flows vary continuously’); i.e. the problem is well posed
(c.f- ¥ = /Yy, which is not well posed as it has non-uniqueness). Note
however that the extinction time, Ty, does not depend continuously on s!
(Find an example.)

Remark 11. (On the avoidance principle) As a corollary of the avoidance
principle we have that there are ‘no flows from infinity’: suppose that
F:(0,T)x M — R"! is a smooth map such that F : [Ty, T) x M — R+
is a MCF for each Ty € (0,T"). Then there is some R > 0 with

F(t,M)NBg(0)#0 forallt € (0,e), with e sufficiently small
(i.e. there are no flows from infinity/nothing!).

Sketch of proof. Fix tg € (0,T) and note that there is then some Ry > 0
with 3¢ N Bg,(0) # 0. If no R > 0 as in the statement existed, we
could consider flows of spheres S”(R), starting at times ¢ < to, which equal
S™(Ry) = 0Br,(0) at time to (so R? = R3+2n(tp—t)). Applying avoidance,
we see that if Bg(0) NX; = 0 for some ¢ < g, then Br,(0) N2y, = 0 also,
a contradiction! O

Remark 12. This fails for manifolds. For example, take M = R? with g =
dr? + f(r)?d6?, with f growing rapidly as r — co. The circles {r = const}
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are preserved by the flow, and for appropriate f their geodesic curvature
grows in r; this means that a MCF can start at infinity (from circles) and
propagate inwards at ‘infinite’ speed. This is because spheres evolve at a
fized speed in Fuclidean space, but not in general manifolds! (A lower Ricci
bound, Ric > —c, would be fine; see later!) (A grim reaper can move ‘out’
with infinite speed, but not in.)

1.3.3 Monotonicity formulae

Theorem 4. (Area monotonicity) Let t € [0,T] + ¥y C R"*! be a MCF
of closed hypersurfaces. Then

t
Voln(Et):Voln(Eo)—// |H|?dV ds,
0 s

and so Vol (X¢) < Vol,(3o), with strict inequality (since there are no closed
minimal hypersurfaces!). More compactly, %Voln(zt) =— th |H|?dV <
0.

Proof. This is a consequence of the first variation of area formula: if
G : (—e,e) x M — R™! is smooth, with G(s,-) a proper embedding and

%—(j compactly supported, then

% Vo, (G(s, ")) = — ‘2?(0,~)-FI(G(0,-))dV
s=0 Yo

(exercise: compute this; the minus sign is a convention on H ). For a MCF
we then have % -H(G(0,-)) = |H|?, as H is normal! O

This also motivates MCF as the (negative) gradient flow of area; area is
fundamentally important!

Remark 13. We can ‘localise’ this in the non-closed case by using test
functions!

Theorem 5. (Huisken’s monotonicity formula [Hui90]) Fiz xo € R* !
and tg € R, and set

x — o|?
(I)(to,mo)(t’ x) = (4 (ty — t))_% exp (_Ll(to—ol))

on (—oo,tg) x R". On any hyperplane in R" ' through xq (or on any
n-plane through xq if we are in R"**) this is the backwards heat kernel,
i.e. the fundamental solution of the backwards heat equation on an n-plane.



CHAPTER 1. CLASSICAL MEAN CURVATURE FLOW 14

Then, if t € [To,T1) — B¢ C R s @ MCF and Ty < t < min(T3,tg), we
have

/ Pllo20) (T Y dV = q>(t0@0>(t, ) dV
1

/To/s

— [ @low)t )qy = _/
dt b ( ) ¥,

Remark 14. Ift — X, is a MCF, then so are the translates t — 3 + v,
the time shifts t — X;_4,, and the parabolic dilations t — AX\—2; (with
appropriate changes in the time intervals). Hence we can always compute
the Huisken monotonicity for flows with to =0 and xog = 0 (without loss
of generality).

x—xo) ?

P(to-wo) s,-)dV ds.
(to — ) (5)

Hz)g

In other words,

I—__i T (CL‘ — $0)L ? @(to,fbo) (t ) dV
2t — 1) 1) v

By the above remark,

d/ q><070>(t,-)dvz—/
dt PN b

for Ty < t < 0, and the right hand side vanishes if and only if H+ f—; =0,
if and only if 3; = /—tX_1, where X_; satisfies ﬁz_l + % =0 (a

self-shrinker!). Hence the Gaussian area is strictly decreasing unless ¥
is a self-shrinker!

2

J_
H+ =] 209 yav

—2t

Proof of Huisken’s monotonicity formula. One can compute it via the first
variation, but, using the remark, we let F : [Ty, T}) x M — R"*! be a
parametrisation of the MCF and assume without loss of generality that
T1 < 0=ty and x¢p = 0. We use self-similar coordinates,

G(s,")=eiF(—e®,)), G :[—log(~Tp),—log(=T1)) x M — R"*!
(if Th = 0 then —log(—T71) = +o0). Then

<‘;C:>L = H(G) + o

(check!), i.e. G is a rescaled MCF. We can also check that if 'y = e2%_ .
then

/ 0 (¢, ) dV = (4m) "2 / e qv (t=—e%),
N s



CHAPTER 1. CLASSICAL MEAN CURVATURE FLOW 15

so one can use the weighted form of the first variation to see that

d |2 Lot oG\t a2
Sl emav=— | (A+Z) (&) 54
ds rse tav /< +2> <38> ¢

2

L gt ||
=— / H+ 5 e 4 dV;
checking the change of variables gives the result! O

The long time behaviour of G is the small scale behaviour of F' near (0,0);
i.e. it amounts to ‘zooming in’ on ¥; as t — 0.

Remark 15. Say G : [0,00) x M — R parametrising T's, solves the
rescaled MCF (%—f)L = ﬁ(G) + %, and suppose that along a sequence
g; — 00,

lim G(s+0i,-) = G™(s,) (in some sense), (1)

1—00
where G parametrises I'S°. Then the Huisken monotonicity and its sign
imply that
||
lim e 2 dV=C2>0

5§—00 T
s

exists (as it is monotone and bounded below!), and so the assumption (I)
gives

=12 : , ,
/ e 4 dV =C is constant = I'S =T1¢° is a self-shrinker!
g

Thus dilations are self-shrinkers, and so ‘model’ the flow! We need to
Justify (1) in general, for which we need some notion of compactness! One
could also ask whether the limits are independent of the sequence o;!

1.4 More sophisticated facts about mean curva-
ture flow

1.4.1 Convex hypersurfaces and embedded curves

Theorem 6. (Huisken n > 2 [Hui84/, Gage—Hamilton n = 1 [GH86])
If X2 C R 4s closed and (strictly) convex (the eigenvalues of Ay, are
positive), then the MCFEF t € [0,T) — %, of X9, with T the maximal time
of existence, is such that:

1. 3 is strictly convex for all t € [0,T) (as is mean convezity, and
k-convexity).
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2. X4 becomes singular at time T in a ‘round point’ xg, i.e. it =T —
xo becomes singular at (0,0), and the rescaled MCF's € [sg,00) — I's
of ¥4 (with so = —log(T)) is such that T's — S"(v/2n) in a strong
sense, with estimates.

Idea of proof. For (1), we use a maximum principle for the second fun-
damental form, Ay,, after showing that it satisfies a heat-like equation
(exercise). For (2), we prove estimates forcing the trace free part of Ay,
As,,, to be small relative to Ay,. O

Theorem 7. (Grayson [Gra87]) If oo C R? is a closed embedded curve,
then the MCF't € [0,T) — oy of o is such that:

1. oy is embedded for t € [0,T) (by the avoidance principle).

2. oy becomes singular at time T in a round point (the main idea is to
show that oy is convex for somet < T).

Remark 16. e This is not true for n > 2 (see the dumbbell from
before!).

e (2) gives a totally canonical flow (an alternate proof is due to Huisken
using maximum principles, written up by Andrews [Hui98, AB11];
these use two-point maximum principles and a quantitative measure
of embeddedness).

o [t is not clear exactly at what time oy becomes conver.

o If o9 = 09, where Qg is closed and compact, then oy = 0 is a
flow of boundaries of compact sets ;. Then

7A Qt / K,O—t / nt y

where ko, = Hy, s the geodesic curvature, 1y is the outward nor-
mal and H,, = —Hg,m; (more generally, for n > 2, %Vol(Qt) =
- fEt Hy, if ¥y = 0Q4). By Gauss—Bonnet (with boundary), or the
winding number of the tangent,

/ Ko, = 27 (# components of oy).
(247

Hence, assuming oy is connected, A(2) = A(Q) — 27t and so
A(Qo)
2T

T< ( 0. ; but Grayson’s result gives T =
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1.4.2 Ill-posedness out of singular initial data

Example 3. (Figure eight) Consider the figure eight, og, as an immersion
of St. The winding number of its unit tangent is 0, which is invariant under
homotopy through immersions (a.k.a. reqular homotopy). Thus, under the
flow of immersions by MCF the conclusion of Grayson’s theorem does not
hold! We think of og as a singular curve, singular at the crossing point.

But one can ‘outwardly’ perturb og to an embedded curve, Ja_ €, or ‘in-

wardly’ perturb it to a pair of embedded curves, o, ° (Figure 1.5), with

ie — 09 in some sense as € — 0. Then the USEE are embedded curves to
Wthh we can apply Grayson’s theorem to get flows ¢ |—> a “fort € [0, T%%).
Letting Q¢(¢) be the region between o;° and o, ¢, we have (using the

outward normal)

d
&A (Q°(t / kg + / = —2r+2-(27) = 2m,

and so A(Q°(t)) = A(Q°(0)) 4+ 27t. As e — 0 we expect that A(2°(0)) — 0
but A(Q°(t)) — 27t > 0 for t > 0. So as ¢ — 0, 0,/ and o, ° cannot
coincide, which is an example of ill-posedness for flows out of the figure
eight! (This is an example of fattening/non-uniqueness, and is an indicator
of difficulties for weak flows!)

Figure 1.5. The figure eight o (dashed), its outward perturbation o ®

and its inward perturbation oy € (two curves); the region Q°(0) between
them is shaded.

Remark 17. If we instead flow the figure eight as an immersion, with
loops 1 and Qo meeting at the crossing with interior angle 6(t), then by
Gauss—Bonnet

d d
GA@0) =~ [ o= 2HE00) = - / e = A0

So, if A(Q21(0)) < A(22(0)), then at the singular time T we have
A (T)) = 0 but A(Q(T)) > 0: the flow becomes singular without
disappearing! The curve stops being an immersion, and zooming in one
should see a multiplicity two line as a shrinker.
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Example 4. (Due to Ilmanen) Fiz > 0 and consider h(z) = (1 +
lz|)~'=# on R. Let Qg be the region between the graphs of h and —h
(Figure 1.6), so that 0§ = graph(h) U graph(—h) = 09 and

4
A(Qo) 3 < oQ.
We can evolve graph(+h) by graphical MCF (which was shown to remain
graphical by Ecker—Huisken [EHS89, EH91]) to give a flow t — o, made
up of these graphs, which exists for all t > 0. On the other hand, we can
consider the compact sets QF, formed by taking Br N Qo and ‘smoothing’
out these sets, so that the off = OO are smooth closed curves. Grayson’s
theorem then gives that t € [0,Tg) + off is a MCF with Tr < % < 00,
independently of R, and on compact sets

0(1)?‘—>06; as R — oo,

but o} is not related to UtG/ Again, this shows the ill-posedness of the flow
out of 0Q!

graph(h)
Qo
graph(—h)

Figure 1.6. Ilmanen’s example (schematic): the region Qy between the
graphs of +h has finite area %.

1.4.3 Mean convexity

Theorem 8. (Preservation of mean convezity) If 3o = 0 is a closed
hypersurface, with Qg compact and Xy mean convex (i.e. ﬁgo points into
Qo, so Hy, >0), and if t — X4 is a MCF of o with ¥y = 0 for compact
Oy, then Hy, >0 fort >0 (i.e. ¥; is strictly mean convex).

Remark 18. o The singularities of the flow are given by generalised
cylinders, i.e. S¥(v/2k) x R"™* for 1 < k < n; this is ultimately
shown by much harder techniques!

e This means that if 0 < s <t < T then Q; C int(s), so the flow
‘moves inwards’ (strictly) as Hx,, > 0. The other direction only gives
Hy, > 0 (i.e. inward flow implies Hy,, > 0).
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Proof. One can compute the evolution of Hy, (this is long; one can use
Simons’ identity):

0
aHZi = AZtHEt + ’A2t|2HEt? (ﬁ)
from which one can apply the strict parabolic maximum principle.

Alternatively (for a weaker result), if Hy,, > 0 there is some ¢ > 0 such
that for 0 < ¢t < ¢ we have

Q; C int(Qo) = X NXYy= @, > C Q.

Then, for 0 < 7 < 4, the time-shifted flow X7 = ¥, for t € [0,T — 7) is
such that AP

YgNXg=0 = N3 =0fort>0.
So Qyr €Oy for 0 < 7 < 4 and any ¢ > 0, which implies that Hy, > 0
(one can upgrade this to Hy,, > 0). O

Remark 19. e [f Hy,, > 69 > 0 then Hsx, > 6o for allt > 0 (maybe
even Hy, > 6o here!); we refer to this statement as (%s,)-

e In (f) we have |Ag,|* > c(n)H%t (c.f. Ricci flow, but this is not
signed!), which gives a rate of blow up for |Ay,|.

o The weaker result, i.e. Hy, > 0 = Hy, > 0, just needed the

avoidance principle, and so adapts well to weaker formulations of
the MCF.

To prove (xs,), and to get closer to Hy, > 0 = Hy, > 0 (i.e. Q5 C
int(€)) for s > t), we prove:

Theorem 9. (Quantitative avoidance principle) If t € [0,T) — X4 is a
MCF of closed hypersurfaces and t € [0,T) — Ty is a MCF of proper
hypersurfaces, then

t — dist(T'y, X¢) is monotone non-decreasing

(which implies the avoidance principle if ToNYXg = 0). In fact, it is strictly
increasing. (Strictly increasing needs compactness! This also works in
manifolds; see later.)

Proof. This follows from the avoidance principle and the translation in-
variance of MCF (the latter is specialised to Euclidean space, however!).
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Without loss of generality we can suppose that dist(I,¥¢) > 0, and if
the result fails then we find ¢g > 0 with

do := diSt(FtO, Zto) < diSt(Fo, EO)

Now as I'y, is proper and 3, is compact, we can find zg € 3¢, and yo € I'y,
with dist(T'y,, 3s,) = |zo — yo|- Letting vy = ég:g& and T, = T'y + dovo,

we have I'y N X4, # 0; but dist(I'o, Xo) > do guarantees that I'y N Xg = 0,
and so by the avoidance principle I‘QO N X, = 0; a contradiction!

Now suppose that dist(I'y,, X¢,) = dist(I'g, o) = do for some to > 0. With
I'; as above we then have I, N ¥, # ), and the strict maximum principle
(as in the proof of the avoidance principle) gives fg = 33, for some connected
components of I'; and 3, for all 0 <t < tg. Then K := io = f() = fo 4+ w
with w = vy, so dist(K — w, K) > dist(Tg, X9) = |w|. This is impossible
for a closed connected hypersurface K = 909Q. Indeed, if K N (K —w) =0,
then QN (2 —w) = 0: otherwise a connectedness argument shows that one
of 2, ) — w contains the other, which is impossible as they have the same
volume and different boundaries. Now for p € Q — w we have p+ w € §,
and the segment from p to p + w leaves 2 — w at some a € K — w and
only then enters Q at some b € K, so that |a —b| < |w|. This contradiction
gives the strictly increasing conclusion. O

We use this to prove (xg,). If Hy, > 09 > 0 then dist(X,, Xg) > do7 + o(7)
for small 7 > 0, and the quantitative avoidance principle then gives
dist(Xi4r, X¢) > o7 + o(7), which implies that Hy, > do (or else we reach
a contradiction).

Question 2. Why does Hs,, > 0 imply that Qs C int(2;) for s > t?

If we choose some compactly supported vector field Z on R"*! pointing
into Qp (i.e. Z = —1y, on ¥p) and consider flows ¢ — Xf defined by

ox\T -
<8t> = Hy: + eZt fore>0 (MCF,)
(MCF with transport, where ¢ = 0 gives MCF), then standard parabolic
theory gives a unique solution up to a time 7°, with ¥§j = X, and
¥§ = 095, such that liminf._,o 7¢ > TV, and the avoidance principle holds
for (MCF).

Remark 20. (MCF.) does not necessarily satisfy translation invariance!
Also, it may not be the gradient flow of some functional unless Z comes
from Vf for some function f!
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Then for all 0 <t < T° we have ¥ — ¥; as ¢ — 0 in a nice sense; i.e. we
recover the original flow! Now there is some 7(¢) > 0 such that

() C int(25) = int(Q) = Qf,, C int(2)

forall 0 <t <T° and 7 < 7(¢), thus Q5 C int(Q2) for 0 <t < s <T*. As
e — 0 we see that

Q= CW=0Q for0<t<s<T

(the nesting property!). To conclude, if Qs C int(€);) fails for some
0<t<s<T, then Qs = (Alt/ for some components and all 0 < t/ < s,
but then the map ¢’ — (‘KAZt/ is static, i.e. a closed minimal surface, a
contradiction! Thus Q4 C int(€2;) for all 0 < ¢t < s < T'; to summarise,

Hy, >0 = Q, Cint(Q) (‘strictly monotone for sets’).

“This did not require derivatives, so adapts to weak settings!”



CHAPTER II

LEVEL SET FLOW

We now turn to weak formulations of mean curvature flow, which allow us
to flow through singularities. Following Evans—Spruck [ES91], we define
the level set flow using weak (viscosity) solutions of a degenerate parabolic
PDE, and prove their existence and uniqueness.

2.1 Weak formulations of MCF

We want to be able to handle singularities, either to smooth out ‘rough’
objects or to continue flows past singularities, i.e. to ‘low’ through them.
There are, at least, two broad perspectives on this:

Pros

Cons

Variational point of view

Measures/varifolds associated
to X, e.g. H" X (GMT).
Gradient flow perspective.
Brakke flow (the MCF ana-
logue of a stationary varifold).

Good compactness properties,
helps for singularity analysis,
and is very general.

Lots of non-uniqueness, and
regularity is harder; also tech-
nically demanding.

Viscosity point of view

Think just of a set; forget
smoothness.

Avoidance principle.

Level set flow (PDE)/biggest
flow (geometric).

Canonical flow, i.e. a lot of
uniqueness; nice properties in
some situations.

Restricted to codimension one,
and has ‘fattening’, so we have
to allow flows that do not look
like hypersurfaces.

We will focus on the viscosity point of view, starting with Evans—Spruck,
then Ilmanen’s perspective on it, and then, if time allows, we will compare
it to Brakke flows (again following Ilmanen).

22
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2.2 The level set equation

We use the theme of the avoidance principle to define weak notions of
MCEF, i.e. a viscosity approach as mentioned above.

For ¥ = 099 C R™*! a closed hypersurface, choose some smooth function
up : R" — R with ¥g = {ug = 0} and Dug # 0 on . We also impose
that ug < 0 on €y, and that ug is bounded and constant outside of a
compact set (one could instead ask that ug be proper); our constraints
are not unique, and there is lots of flexibility! For |h| < 1 the level sets
Yy = {up = h} are then smooth hypersurfaces near ¥ (Figure 2.1).

Figure 2.1. Level sets ¥, = {up = h} of the initial function near
Yo = 890, with ug < 0 on €.

We can do some geometric computations to see that the outward normal
to Yo is Iy = ‘B—Zg', which we can extend to a neighbourhood of 3. One
can also check that, for |h| < 1, the mean curvature of ¥, is given by

. e . Du
th = le]R(l/O) = leR <’Du2|) s

7 N T Dug Dug
so that Hy, = —divg (7\Du0|> Do

Supposing we had a MCF ¢ — ¥, for ¢ € [0,¢), we can also find a function
u: [0,6) x R" — R with u(0,-) = ug, ¥y = {u(t, ) = 0}, and Duf(t,-) # 0
in a neighbourhood of ¥; (or in a neighbourhood of ¥y, when £ > 0 is
small). Following a point z¢p € ¥ along the MCF gives an ODE on a
neighbourhood of ¥g:

{m(s) = —divg(¥) ¥V = —divg (@—u“l) % at (s,x(s)), )
z(0) = o,

where UV = %, so that (¢, -) is the outward normal on ;. Now —divg (7)
at (s,z(s)) is the mean curvature vector of the level set {u = u(s,z(s))},
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and t — X; being a MCF implies that z(s) € X35 = {u(s,-) = 0}. Thus
u(s,z(s)) = 0 when z(s) solves (x), and then by the chain rule we see that

ug(s,x(s)) + Du(s,z(s)) - @(s) =0, (%)

i.e. we have u; = |Du|div (%) holding at (s,z(s)) (along a trajectory

where |Du| # 0). Conversely, if u : [0,6) x R**! — R is smooth and
solves this equation, with |Du| # 0 for ¢ € [0,¢) in a neighbourhood of
Yo = {u(0,-) = 0}, then for ¢t € [0,) the flow ¢t — X; = {u(t,-) =0} is a
MCF! Let’s use this as motivation for a definition.

Thus we turn to studying the PDE problem (summing over repeated
indices)

. . Du _ B D;uD;u 2
u; = |Dul dive <W> - (5’ ~ IDu? )Diﬂ'“’ (LSF)
u(0, ) = ug,

and we study weak solutions of (LSF) to define weak flows.
Remark 21. (Issues)

e When |Du| = 0 this is not classically defined (and in general we
cannot expect |Du| # 0 everywhere!).

e (LSF) is also very degenerate: if 1 : R — R is a smooth map and
u solves (LSF), then v¥(u) solves (LSF) also! (We did not ask the
level sets to ‘“interact’ with one another, so we can only get estimates
along level sets, and not transverse to them; there are no local a
priori estimates!)

Our steps will be as follows:
1. We need a weak notion of a solution.
2. Basic properties of weak solutions.

3. Uniqueness of weak solutions (from given initial data); this is the
important part, as it gives a canonical way to evolve things!

4. Existence of weak solutions.

5. Relation to MCF (to what extent do MCF properties hold for
solutions of (LSF)?).
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2.3 Weak solutions

Let’s start with (1).

Definition 2. (Weak solutions) A function u € C°([0,00) x R**1) N
L*([0,00) x R*™™) is a weak subsolution of (LSF) if for any ¢ €
C>®((—00,00) x R"1) such that u — ¢ has a local mazimum at a point
20 = (to, xg) € (0,00) x R" 1 we have either:

1. i < (85 — 5222 D3 at 20, if |Dgl(z0) £ 0, or

2. o < (045 — fzfj)DinSO at zo for some & € R"™ with [¢] < 1, if
|Dg|(20) =0 (having |§| < 1, not |{| = 1, is important; see later!).

We similarly say that u is a weak supersolution if whenever u — ¢ has
a local minimum at zg, (1) or (2) hold with the inequalities reversed. We
say that u is a weak solution if it is both a weak subsolution and a weak
supersolution.

Then, if u is smooth at zp with Du(zp) # 0 and is a classical
sub/supersolution there, i.e.

D;uD;
up < (51- - W) iju (subsolution),

D;uD;
up > <5¢~ — W) D?ju (supersolution),

and u—¢ has a local maximum (minimum) at zg, then dyu = 0yp, Du = Dy

and D2y < DQQO (D2u > D2<p) at zp; noting that ((5,']' — \Ll)tu\%u

semi-definite, we get (1). Thus classical solutions are weak solutions!

) is positive

Remark 22. (Further justification) If u is smooth and a classical subsolu-
tion on {Du # 0}, then we claim that the weak definition is consistent even
on {Du = 0}. If Du(zy) = 0, with zy = (to,x0), and zi = (tg,zK) — 20
with Du(zy) # 0, then at z; we have

Du(zr)

zZ
w < (0 = &¢5)Djju for € = m

, € = 1.

Then, up to a subsequence, &8 — € with |€| = 1, and hence at zy we have
up < (045 —&Q)D?ju by continuity (so u is a weak subsolution there also!).
Moreover, if zy belongs to the interior of Z = {Du = 0}, then u is constant
in space and uw = U(t) near zo; this extends to a point z, on d(Z°) with
D?u(z}) = 0, and thus u(z) < 0, so that U'(tg) < 0.
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Equivalently to the definition of weak subsolutions, we can say that u is a
weak subsolution of (LSF) if whenever zg = (¢, z0) € (0,00) x R**! and

u(t,x) < wulto,zo) +p- (x — o) + q(t — to)
+ %(z - ZO)TR (z—z0) +o(|z — 20\2)

as z = (t,x) — 2, where p € R""! ¢ € R, and R is a symmetric
(n+2) x (n+2) matrix (with n+ 1 space directions and one time direction,
the last), then

q< <5z‘j - %) R;; if [p| # 0,
q < (6i5 — &&j)Rij for some [€] <1 if [p| =0,

where the sums are over the spatial entries R;;, 1 <4,j < n+ 1. (There
is a similar idea for weak supersolutions; see Jensen and Ishii. One uses
Taylor polynomials.)

Theorem 10. (Stability) If (ux) is a sequence of weak solutions of (LSF)
with both

1. |lugl|ree < C uniformly, and

2. ug, — u locally uniformly, i.e. in Cp ([0,00) x R"*1),

then u is also a weak solution of (LSF). The same is true for weak
sub/supersolutions.

We will also show:

Theorem 11. (Invariance under reparametrisation) If u is a weak solution
of (LSF) and ¢ : R — R is continuous, then ¢ (u) is also a weak solution
of (LSF) (3 does not need to be invertible!).

Remark 23. If ¢ is strictly increasing, then 1 takes subsolutions to
subsolutions and supersolutions to supersolutions.

Proof of Theorem 10. From the definition, we will show that if the uy are
subsolutions then so is u (the same idea works for supersolutions/solutions).
We pick some test function ¢ € C*°((0,00) x R"*!) and for now suppose
that u — ¢ has a strict local maximum at zg = (to, o). As ux — u in Clooc,
we see that uy — ¢ has a local maximum at some z; near zq (for sufficiently
large k), with z; — zo. Thus, as uj is a weak subsolution, either:

DipD;
1. Do(z) # 0 and ¢ < ((5i~ — ‘gcp'%“o) nggo at zy, or
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2. Do(z,) =0 and ¢ < (6;5 — §f§f)D?jg0 at zj, for some |€F] < 1.

As zp — 20, if Dp(zg) # 0 then Dg(z) # 0 for large k, and taking limits
in (1) we see that (1) holds for ¢ at zp. Now if Dy(z9) = 0 we set

gk _ [ oa(ex) i Do(a) £0,
¢ if Dep(zy,) = 0,

so that |#¥| < 1, and (up to a subsequence, not relabelled) 6% — 6 with
|6] < 1. Thus (1) or (2) holds with 6%, so we can pass to the limit to get
(2) with 0 at z.

Now if u — ¢ only has a local maximum at zy, we add a high enough order
polynomial to force a strict local maximum:

G=p+(t—to) + |z —z0,

so that u — ¢ has a strict local maximum at zy. Thus (1) or (2) hold for
¢, which is equivalent to (1) or (2) holding for ¢ (as we only affect third
order/higher behaviour). O

Proof of Theorem 11. We first assume that 1) is smooth and strictly in-
creasing, i.e. 10’ > 0. Let us denote ® = ¢~!, which is smooth with ® > 0,
and let v = ¥(u). Pick ¢ € C*®((0,00) x R"!) such that v — ¢ has a
local maximum at zy = (tg, zp); without loss of generality v(zp) = ¢(20)
and v(z) < ¢(2) near zg. Let ¥ = ®(p) = 1~!(p), which is such that
U(z0) = u(29) and u(z) < ¥(z) near zy (since ¢’ > 0). Thus u — ¥ has a
local maximum at zg, so if u is a weak subsolution then either:

1. D¥(zp) # 0 and ¥, < (515 — ngﬁf) ij\Il at zg, or

2. D\IJ(Z()) =0 and \I’t S (5” — flfj)DlQJ\I’ at 20, for some |§| S 1.

Note that DU (zy) = ®'(¢(20))Dp(z0), and since &’ > 0, if Dy(zp) # 0
then by case (1) above we have, at z,

(®')*DipDjy

¥(ptaen < (35 - s

) ("D} + ®"DipDj)

where the ®” term gives 0! As ® > 0 this gives ¢; < (5ij - ﬁﬁﬁé"’) nggp,
so (1) holds for v! But if Dg(zp) = 0, then by case (2) above (2) similarly

holds for v! Thus v is a subsolution (and similarly v is a supersolution)!

Now if %) is smooth but 1’ < 0, all is the same by reversing local maxima
to minima and the inequalities (sub <> super). If ¢ is smooth but only
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Y >0 (or ¢' <0), then we use the above for ¢y, with ¢ # 0 and ¢y — ¢
uniformly, so that ¥y (u) — 1 (u); we can then apply Theorem 10 to see
that ¢(u) is a weak sub/supersolution if u is (since u € L!).

Next, if 9 is smooth and —co = ag < a1 < + -+ < @y < A1 = 00, With P
monotone on each (a;,aj4+1) and 1) constant on (a; — o,a; + o) for some
o >0 (for j =1,...,m), then since we only required local monotonicity
in the earlier arguments, we get that 1(u) is a weak solution. Finally, if ¢
is just continuous, we can approximate it by functions as above, so that
¥ (u) is a weak solution. O

2.4 Uniqueness

We now turn to uniqueness.

Theorem 12. (Comparison principle for weak solutions) Assume that u
is a weak subsolution and v is a weak supersolution of (LSF), with u < v
at t =0, and with w and v constant on {t + |x| > R} (with u < v there),
for some fited R >0 and t > 0. Then u < v on [0,00) x R*L,

Being constant after a finite time is consistent with MCF (see the remark
after Lemma 2).

Remark 24. o This implies uniqueness for appropriately restricted
weak solutions of (LSF') (e.g. with w =v on {t + |x| > R}).

o The difficulty is that we cannot use u or v as test functions, so we
will need to regularise them for the proof!

Theorem 13. (Contraction principle) If uw and v are weak solutions of
(LSF) with w=v = ¢ on {|z| +t > R}, then

igg Hu(t’ ) - U(t, ')”L"O = HU(O, ) - U(O’ ')HL‘X"

For the regularisation we use sup/inf-convolution (or just max/min,
since our functions are bounded).

Definition 3. (Sup/inf-convolution) Let w : [0,00) x R"™ — R be
continuous and bounded, and € > 0. We set

wa(t7x) = sup (UJ(S,y) —6_1(’$—y|2+ ’t_slz)) )
yeR?t1 s>0

and similarly we(t,x) = inf cgnir >0 (W(s,y) +e M|z —y2 + [t — s?)).
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Example 5. Let w(x) = —|z| (which is not bounded, but...). Then w®
smooths out the corner of w but w. does not (Figure 2.2): one can check
that

=1|,.12 €
—& T or |r| < 5 €
w(z) = | L for |l < g’ and we(z) = —|x| — =.
—lz[+§  for|z|>§, 4
x
Figure 2.2. Sup/inf-convolution of w(z) = —|z| (solid): w® (dashed)

and w, (dotted). The paraboloid e~ |z — y|? + w®(x), with vertex on the
graph of w®, touches the graph of w from above.

What does w® mean? For a fixed z (ignoring t), the paraboloid P(y) =
e~z — y|? + « lies above the graph of w for a > w®(z), touching it
when a = w®(z). Then the union, R?, of the regions below the downward
paraboloids z — w(y) — e |z — y|? (whose vertices lie on the graph of
w) is such that OR® = graph(w®) (similarly, using upward paraboloids
touching from below, OR. = graph(w;)).

Lemma 2. (Properties of sup/inf-convolution) Given a continuous
bounded w : [0,00) x R**1 — R, there are A, B,C > 0, depending on n
and ||wl|pe, such that:

1. we <w < we.
2. [|w®| oo, Jwe || < A.

8. If we(t,z) = w(s,y) —e 1|z — y|? + |t — 5|?) for some (s,y), with
(t,x) fized, then |z —y|, |t —s| < Cez =: o(e) (and the same holds
for we).

4. w® we = w uniformly on compact sets as € — 0.
5. Lip(w®), Lip(we) < g fore >0 (even though w is only continuous!).

6. (t,x) — we(t,x) + e~ (|x|? + t?) = Z%(t,x) is convex, i.e. for \ €
[0, 1],

ZE(t2) + (1= N (E 7)) < AZ5(t,2) + (1 — N Z5(E, 7).
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Similarly, (t,z) — we(t,z) — e Y(|z|> + t?) is concave (this gives
weak control on second derivatives).

7. If w is a weak subsolution (supersolution) of (LSF) on [0,00) X

R then w® is a weak subsolution (w. is a weak supersolution) on
[0(g),00) x R* L,

8. w® is twice differentiable a.e., and if w is a weak subsolution, then
wherever D*w®(zg) exists and Dw®(z0) # 0 we have

D;w® Djw® 9

(and similarly, with the inequality reversed, for w).
Proof. e (1) and (2) follow from the definitions.
e For (3), [|[w—w®||pe < A+ ||w|p= < 2A4, so that e 1|z —y[2 + |t —
s|?) = w(s,y) — w(t,z) < 2A, and thus |z — y|, [t — 5| < V2Acer =
o(e).

e (4) follows from (3) and the uniform continuity of w on compact
subsets.

e (5) follows from (3) and w® being bounded; thus we work at small
scales. We know that w®(t,r) = w(s,y) — e *(Jx — y|> + |t — s|?) for
some (s,y) with |z —yl, |t — s| < o(e). If (£,Z) is another point, then
by definition

€7 = 1| 2 5 o2
w(t,2) = w(s,y) —e (|7 —y|” + [t —s]%)

= wi(t,z) +eH(jo —yf + |t - s)
—e H(jE -yl + [T - s?)

—wf(ta) +e @ —8) - (5 —y)+ (F—))
+ett—)(t—s)+(E—9))

> we(t,z) — ez — #[(20(e) + |z — 7))
—e 't —¢(20(e) + |t — #]),

using |z —y|, [t —s| < o(e). So for |z — |, [t —t| < 1 we get w®(t,2) >
we (t,x) — %ﬂx — &| + |t — t]), and reversing the roles of (¢, z)
and (%, ¥) gives the other bound. This is a local Lipschitz bound with
constant %, where B = 2v/2A+ 1 for 0 < € < 1, and being Lipschitz
on all segments of length at most 1 gives the global bound.
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e (6) follows by fixing (s,y): then (t,2) — w(s,y) — e 1(Jz — y|* +
|t — s]2) + e~ (|z|> + ¢?) is an affine function, and the supremum of
these over (s,y) is Z¢; hence Z° is convex (its epigraph, the region
above its graph, is an intersection of half spaces). The concave case
is similar, using the infimum.

e For (7), fix ¢ € C* with w® — ¢ having a local maximum at
2o = (to, o) for tg € [o(g), 00). Pick wg = (so,yo) so that

w®(29) = w(wpy) — 571]20 — w0|2 (so |z — wo| < o(g)),
and set Y(t,z) = o(t +to — o,z + xo — yo) = ¢(- + 20 — wp). Then

w(s0,90) — & 'zo — wol* — @(to, z0) = w(to, o) — ¢(to, o)
> w(t,x) — o(t, ) (¢)

for (t,x) near (tog,x0), as w® — ¢ has a local maximum at zp! By
the definition of w®, the right hand side of (¢) is at least w(s,y) —
e Y|z —y|2+(t—s)?)—p(t,z) for all (s,y), and taking t = s-+to— so,
x =1y + xo — yo (so the penalty terms agree) gives

w(s0,%0) — ¥ (s0,%0) > w(s,y) —Y(s,y) for (s,y) near (so,yo).

So w — 1 has a local maximum at (so, yo)! Then, if D (so,yo) # 0,

we get

D Djp
| Dy[?

or if D(so,y0) = 0 then ¢y < (6;5 — §Z§j)DZ2]¢ for some [£| <1 at

(s0,y0). Now as Di(so,yo) = Dp(to, zo) (and similarly for 9y and

D?%)), we get that w® is a subsolution.

Py < <5ij - > ijw at (s0,%0),

e For (8), convex functions are twice differentiable a.e. (Alexandrov),
and the final statement was verified before by looking at the 2-jet
(the classical case, by (7)).

O

Remark 25. (On the assumption in the comparison principle) The as-
sumption that w and v are constant on {t + |x| > R}, with u < v there, is
natural for weak solutions (Figure 2.3). If u(0, ) is constant on {|x| > R}
then O0Br C {|x| > R} lies in a level set of u(0,-). The MCF of 0Bgr
is OB /g7, s0 if (LSF) describes MCF then this flow should lie in

{u = const = ¢}, and so we get finite time extinction/constant functions!

We now prove the comparison principle.
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t
u=c <cg=v
on {t + |z| > R}
x
—R R

Figure 2.3. Outside the region {¢t + |x| < R} (shaded) both u and v
are constant, with « < v there (the true boundary of the region where a
solution can vary is really a paraboloid).

Proof of Theorem 12. Suppose that u < v fails, so that

max(u —v) =a >0

(t,z)
(recall that u — v < 0 on {t + |x| > R} by assumption). For some small
a > 0 (penalising the distance from ¢ = 0) we then have

max(u —v —at) > = > 0.

(tz)

(VRS

We then regularise, considering «* and v., which are sub- and superso-
lutions respectively on [o(g), 00) x R*™! for e > 0 sufficiently small. For
small € > 0, both ¢ and v, are constant on {¢t+ || > 2R}, say equal to ¢;
and ca. Also, u® — w and v, — v uniformly as € N\ 0 (since {t + |z| < 2R}
is compact), and thus

>0 for small € > 0.

AN

max(u® —ve — at) >
(tx)

Fix 0 > 0 (later taken small) and consider the function
O(z,y,t,8) =u(t+s,2+y) —v-(t,x) —at — 5 ' (Jy[* + s*),

where y and s are perturbations. As ® is bounded in terms of ||u||z and
|v|| oo, we have

0 > max(@(z, ,t.5) | (1), (¢4 5,2+ ) € 0,00) x R} > § >0

alsol We can then pick (z1,y1,t1,s1) where this maximum occurs, so
CD(xlvyl)tlasl) > % > 0.
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We observe that |y1], |s1] < Ccﬁ, for C' depending on the sup norms of
u and v again. Now, we claim that there are £,§ > 0 sufficiently small
so that t1,t; + s1 > o(e) (i.e. we are in the region where u® and v, are
sub/supersolutions). If not, then t; < o(e) ~ /e, and so

< O(z1,y1,t1,51) < u(t1 + s1, 21 + 1) — ve(tr, 21)

RS

t1+s1,21 +y1) —v(t1, 1) +o(1) (ase — 0)

s1,x1+y1) —v(0,21) +o(1)

z1) —v(0,21) +o(1) (as 51,0 — 0)
(asu—v <0att=0),

=

NN

VAN VAN VAR VAN

—

which is a contradiction since § > 0; hence 1 > o(e)! Also, for § > 0 small

we ensure that t; + s1 > o(g), as [s1]| < C61. We then fix such ,6 > 0
small (and o > 0 as before).

Then u® and v. are weak sub- and supersolutions near (¢; + s1, 21 + y1)
and (1, z1) respectively. We claim that y; # 0; i.e. that y; = 0 leads to a
contradiction. If y; = 0, then (as we are at a maximum)

u®(t1 + s1,21) — ve(ty, 1) — aty — (5_15‘1L >u(t+s,x+y) —ve(t,x) — at
— M (Jy* + s (00)

for all (¢,z,s,y) near (t1, 1, s1,0). Plugging in ¢t = t; and x = x; gives
u(ty + s1,21) > u(t 4 s,a1+y) — 6yt + 8N + 07 s,

and setting r = s — s1 we get

4s3r n 65372
g o

~
quadratic polynomial

us(t + s1,21) + +O(Jy|* + |r?) = u(t1 + s1 + 7,21 + y).

. . . 453 1252
As uf is a weak subsolution, setting p =0, ¢ = %, Tn42,n+2 = % and

ri; = 0 otherwise, the alternative definition of subsolutions implies that

3
%so (b)

(as the spatial part of the Hessian vanishes, this says d,u® < 0). Setting
y=x1+y1 —x and s =t; + s1 — ¢ in (00), the u® terms cancel and give

ve(t, ) > ve(ty, 1) + ({? - a> (t—t1)
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652(t — t1)2
_Gsilt=t) +O0(|z — x|t + |t — t1 ),

0
and as v, is a weak supersolution at (¢1,x1), we set xg = x1, to = t1, p =0,
3 2
q= % — O, Tpg2nt2 = —12581 and r;; = 0 otherwise, to get
453
=L _a>o0. (bb)

But (b) and (bb) give a contradiction, since o > 0! Thus y; # 0!

We now use a general fact: if x — f(z) is convex on R", then (z,y) — f(x+
y) is also convex. Hence (t, s, ,y) — u(t+s,x+y)+e (|o+y|?+(t+5)?)
is convex, and similarly (¢, s, x,y) — —(ve(t,x) — e~ 1(|z|> +t?)) is convex.
So ®(x,y,t,s)+C(|x]*+|y|?>+t2+52) is convex near (¢, s1, 1, y1) for some
large C'= C(e,d) > 0. As @ has a local maximum there, we can then appeal
to a result of Jensen: there are points 6% = (t*, %, ¥, %) — (t1, 51, 21,91)
at which ®, v® and v. are twice differentiable, with D®(#¥) — 0 and
D2®(0%) < o(1) Ip+q as k — co. Then

D, ®(0%) = Duf(t* + s*, 2% + %) — Do (t*, 2F) = p* — p*,

D, ®(0%) = Dus(t* + s*, 2% + y*) — 46~y 2k = pF — 45|k P2yt
Now as y* — y; # 0 as k — oo, we get p*, pF — %|y1|2y1 =p # 0. Then
Dy (0%) = S (tF + 55 2 + %) — (v ) (F 2F) —a=¢F —F —a =0,
and since uf and v, are Lipschitz, up to a subsequence ¢ — ¢ and §* — ¢

with ¢ — § = a > 0. Now,
D2®(0%) = D>uf (tF + s&, 2 + %) — D?v.(t*,2%) = R — RF < ¢,.1,

where €, — 0, and R* > —CI, R¥ < CI for a fixed C > 0 (by semi-
convexity). Thus, up to a subsequence, RF — R and R¥ — R, symmetric
matrices with R < R. As uf is a weak subsolution and v, a weak superso-
lution, with p*, 5* # 0, we can use

k. k =k =k
i’ - DT\ -
¢ < <5i- - ‘;k‘é) Rfj and §" > (&-j - = ]> Rfj,

ok |?

and pass to the limit (with p = p) to get

Ip|?
>0

qg—q< <5ij_p¢pj> (Rij — Rij) < 0;
0

but ¢ — g > 0, a contradiction! O

(The same argument also gives the contraction principle!)
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2.5 Existence

Theorem 14. (Eristence of weak solutions) Suppose that g : R — R
is continuous, with g = const = c¢ on {|x| > Ro}. Then there exists a weak
solution of (LSF) with initial data g, i.e. a weak solution of

(51-]' - D |2 ) D2 u=0mu on (0,00) x R*1,
u=g on {0} x R,

Moreover, u = ¢ on {|z| +t > R} for some R = R(Rp) > 0; hence, by the
UNIQUENESS, U 1S UNIGUE.

We will regularise the LSF equation and apply standard techniques, then
approximate to get a weak solution. So we will look at the case g €
C>®(R™!) and consider, for ¢ > 0,

52+|Du5|2

u® on {0} x R™+! (L3Fe)

{( Diw Dy )ijuff:atue on (0,00) x R

(here u® is not a sup-convolution). The presence of £? ensures that the
equation is not degenerate (and the 2 will also justify why we allow |£] < 1
when Dy = 0 in the weak definition).

Theorem 15. For g € C®°(R"™) with g = ¢ on {|x| > Ry}, there is a
unique bounded smooth solution of (LSF:), which we call u, and we have
uniform estimates, independent of €, of the form

sup ([[u [z + [Pl + [0ullzee) < Cliglierr,
e>

with all norms over (0,00) x R,

Proof. Fix o € (0,1) and consider

a ,0 _ &0 Dus° D2 e,cr’ "
tU azj ( U ) Z]u for az ( ) — (1 + O-)(Sz] _ %7
u®? =g on {0} x R**L, J €2+ p|
(LSF. »)

which is uniformly elliptic: o|¢]? < a;; (p)&i&;. We use ‘standard’” PDE
theory for parabolic equations to get a bounded unique, smooth solution
u®? with ||[u®7||e = ||g||ree (the coefficients are time independent, so the
solution exists for all time). By differentiating the equation we get a PDE
of the form (for v; = Dju®?, writing u = u*)

(v) = (DU)D v+ as) (Du)D u Dyy,

Z]P
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with v; = Dyg on {0} x R*""! where ;% = 0p.a5°. The maximum
principle then tells us that ||v||pe < ||DlgHLoo, so ||[Dus?||p~ < |lgllcr-
The same idea with J;u®? gives ||0yu®? (using a Lipschitz
bound on Dg). Observing that if |p| < L then

(1-2En el <o

>0, independent of o

on compact regions of space-time in (0,00) x R"*! we get || D*u7||pe <
Cr(e)|lgllp~ for any k > 1, independently of o. So as 0 — 0, u®7 — u®
in C* for all k > 1, uniformly on compact sets. Thus ||u||z~ < ||g||z,
[Du[| L < lgllcr, and [|0pu|| L~ < Cllglcra- O

Proof of Theorem 14. First assume that g € C®°(R"!) and apply the
previous theorem: for each € > 0 we have smooth bounded solutions u® of
(LSF.), with uniform estimates independent of . Thus, by Arzela—Ascoli,
up to a subsequence we have u®* — u uniformly on compact subsets of
[0, 00) x R**1 with v bounded and Lipschitz. We now show that u is a
weak solution. Pick ¢ € C°°((0,00) x R"!) with u — ¢ having a strict
local maximum at zg = (tg, z0) € (0,00) x R**1. As 4% — v uniformly,
there are points z; — 2o at which u®* — ¢ has a local maximum. The
second derivative test gives

Du*(z) = D(2), Opu™(z1) = Op(zk),  D*u(z1) < D%p(2),

and (LSF;,) then gives

DipDjp
< |0 — 52 | D2 t
Pt = < ij 6%4— D§0|2> ijP  at 2.

So if Dy(zp) # 0, then Dy(zy) # 0 for k large and thus, as k — oo,

D;pD;
or < <5ij - ﬁfso];D) Dzjcp at zg.

1 — k _ D‘P(zk) - k <
But if Dy(z9) = 0, then we set SR so that |£7] <1 and

i < (65— §f§}“)Di2jtp at zj. So again, up to a further subsequence, ¥ — §
with [{] < 1, and as k — oo we get ¢y < (d;5 {,@)D pat zg. If u—
only has a local (not strict) maximum, let ¢ = ¢ + |z — :c0|4 + |t — t0\4
that u — ¢ has a strict local maximum; the above then shows that u is a
weak subsolution of (LSF) (and similarly a weak supersolution).
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We now show that u is constant on {|z| + ¢ > R} for some R > 0. Note
that if Dy(t,z) = (A\%t,\z) for A > 0, then for a > 0 and b € R, u is a
weak solution of (LSF) if and only if a(u o D)) + b is also. So without
loss of generality we assume that |g| < 1 on By and g = 0 on BY. Let

v(t,z) =1 (@ + nt) for z € R"*! and t > 0, for the cutoff function

(s) = {0 =2

(s—2) 0<s<2,

so that the level sets of @ + nt are shrinking spheres (moving by MCF),

and {v = 0} contains all of the large spheres. Then

/ _ 0 8227 " . 0 322,
dWQ_{as—m20<s<z w(ﬁ_{as—m 0<s<2,

with [¢"] < CW’]%. We now show that v is a ‘barrier’ for (LSF.): one
computes that

DZ"UD]'U 2
= (03 - ) Pho =4+ B

where

82

A=) — 5 <0 and |B|=|¢"
(& (W2 +e2 = and |B[ = [¢"]

62’$|2
(V)?|z]* + &2’

and we can check that B < CE% (treating the cases ¢/ < e and ¢’ > ¢
separately; exercise). Thus

Di’UDjU 2 1
o (0= ) Phvs ot

So, setting w®(t,x) = v(t,x) — Ctes (not a sup-convolution), this is a
classical subsolution of (LSF.) with w® < g on {0} x R™"! (check; see
Figure 2.4). The maximum principle for (LSF.) then gives w® < u® on
(0, 00) x R™1, Similarly, we can find upper barriers (—w?). Sending &5 — 0
we get v < u < —v, and so u = 0 on {|z| +¢ > R} for some R > 0. Using
the comparison/contraction principles then gives the case of continuous
g! O
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g

Ty Y VL

Figure 2.4. The lower barrier w® lies below the initial data g (schematic).

2.6 Geometric motivation for LSF.

Suppose that u®(t,z) is a smooth solution of (LSF.), and write y =
(wg,z) € R™2 = R x R"! to define

ve(t,y) = u(t,x) — exg

(for e = 0 this is translation invariant in the g direction). One can check
that, for ¢ > 0, u® solves (LSF,) if and only if v solves (LSF), since
|Dve|? = | Duf|? + 2. Also,

I ={y e R"?v5(t,y) =0} = {y = (¢ "u°(t,2),7) |z € R"T1}
= graph(eilue(t, ),

so these are graphs, which get ‘steeper’ as € — 0, and the other level sets
of v® are translates of I';.

Remark 26. Ecker—Huisken [EH89, EH91] showed that graphical solutions
of MCF are ‘well’ behaved (i.e. they exist in this class, with estimates).

If Ty = {g = 0} is a compact hypersurface, I'g = 90Uy with Uy a bounded
open set, g < 0 in Uy and ¢ > 0 in Uy, then I's = graph(e " 1g). Ase =0
we have I'; — R x I'g (the cylinder), and the mean curvature of I'j at
(0,z), for x € T'y, tends to Hr,. So the flows I'? ‘approximate the cylinder’,
i.e. the MCF of R x I'yg (which has no movement in the R factor).

2.7 Generalised mean curvature flow

Let K denote the collection of compact subsets of Rt For Ty € K, we
want a flow by mean curvature, t — M(¢)I'y € K, such that:

1. (Semigroup property) M(t + s)I'o = M(t)(M(s)T'g) for t,s > 0,
with M(0)T' = To.
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2. If t — 3 is a smooth MCF with Xy € K, then Xy = M(t)X.
Definition 4. (Generalised MCF) Pick g with
g continuous, {g=0}="Ty, g= conston {|z| > R}, (1)
let u be the unique weak solution of (LSF') with initial condition g, and set
M@)o = {u(t,-) =0} =T
We callt — I'y a generalised MCF.

We claim that this is what we want! First we need to show that it is well
defined.

Remark 27. We don’t expect (t,I') — M(t)T to be continuous in any
reasonable sense! For example, two circles at distance € apart flow to two
shrinking circles, which then disappear, while as € \, 0 their limit, the
figure eight, fattens (Figure 2.5).

OQ t>0 O O t>0

6\,0

1 OO =ED

M(H)T§ (fattened)

)1
oM

Figure 2.5. No continuity in the initial data: two circles at distance
¢ apart shrink and disappear, while the limiting figure eight fattens
(schematic).

Theorem 16. (Generalised MCF is well defined) If G also satisﬁesA(T),
with 4 the corresponding weak solution of (LSF), then {u(t,-) =0} =Ty =
= {u(t,-) = 0}. Hence, the generalised MCF is well defined!

Proof. Without loss of generality u, @, g,§ > 0: if we replace g by |g| then
(t) still holds, and since uniqueness holds, |u| solves (LSF) with initial
data |g| (by Theorem 11) and I'y = {|u(t,-)| = 0}. For each k > 1 let
Ep = {z € R""|g(z) > 1}, and let Ey = (); thus Ey C E; C -+ and
'y = Uy Ek. Let ap = supE271§ > 0; then aj is non-increasing in k,
and ar — 0: as I'g is compact, g = ¢ > 0 outside a ball, so the sets
Ei ,={g9< ﬁ} lie in a fixed compact set for k large and decrease
to {g = 0} = Ty, where § = 0; so ar — 0 by the continuity of §. Pick
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¢ : [0,00) — [0,00) with (0) = 0, ¢(+) = ai, ¢ linear on each [k+1’ 21,
and ¢ constant on [1,00). Set § = ¢(g) and @& = ¢(u), so that @ is the
unique weak solution of (LSF) with initial data g. By construction § = ¢
(=0) on I'y, and if z € Ej, \ Ex—1 then

9(x) = plg() > o(}) = ar > j(),

so g > g on R"! and the comparison principle gives 4 = o(u) >u > 0.
Soif z € Ty then z €Iy Thus I} C Ft, and reversing the roles gives
Ft C Ft. O

For (1) we have:
Theorem 17. (Semigroup property) M(t+ s)I'o = M(t)(M(s)Tp).

Proof. The cases s = 0 or t = 0 are done, so assume without loss of
generality that s,¢ > 0. Pick g as in (f), with weak solution u, so that

Tips ={u(t+s,-) =0} = M(t+ s)Tp and T's = {u(s, ) = 0} = M(s)T'y

Then, for ¢ satisfying (f) for I's = M(s)I'g € K, we get M(t)(M(s)I'o) =
{u(t,-) = 0} for the weak solution @. But this is all independent of g, so
we can take g = u(s,-); then (by uniqueness) 4(t,-) = u(t +s,-) for ¢t > 0,
and so M(t)(M(s)g) = M(t + s)Ty. O

Now for (2):

Theorem 18. (Agreement with smooth flows) Let 'y be a smooth closed
hypersurface and t € [0,T) — Xy a smooth MCF with ¥o = I'g. Then
MLy =%y for allt €1]0,T).

Proof. Write I'g = 9Uj for a bounded open set Uy (Alexander’s theorem),
and let 3; = 9U; for t € [0,T). Let d(t,x) be the signed distance function,

d(t, z) —dist(x, %) if x € Uy,
7m =
dist(a:, Zt) if ¢ Ut,

and let S, = Ug<ycy, 1t} X Xt C [0, 00) X R™*! (in space-time), for ¢y > 0
small; then Sy, is a smooth hypersurface in space-time. For dy > 0 small
let

QT = Q" (to,d0) = {(t,2) |0 < d(t,x) < b, 0 <t <to},
Qi = Qf(to,éo) = {(t,x) | —0p < d(t,x) <0,0<t< to},

which are regions in which d is smooth. Note that (up to shrinking dy),
for all (t,x) € QT there is a unique point y € ¥; with d(t,z) = +|z — y|.
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Extend the outward unit normals 7 to ¥; to QT by setting 7/ = Dd (the
spatial gradient). As the ¥; move by MCF we compute, on Q, that

o d(t @) = Hy () = divera (7(1,9)) (=7, (2),

and, in an orthonormal basis E, ..., E,, 7 at ¢ (with Ey,...,E, L 7),

— Ky
1—k1d

D2d(t,z) = o :

where the k; are the principal curvatures of ¥; at y (at d =0, i.e. on ¥4,
this is the second fundamental form Ily,, up to sign). Thus

n n

Agnerd(t,e) = =Y —— and  divy, (#(t,y) = Y (~ri),

1 _ .
i=1 Kid i=1

which gives
Kkid

1—I€id

Ord — Agnird =) >0 inQF
i=1

if dg is small (depending on I'g). Now we set d = ae™*d, where a € (0, 1)
and A > 1, so that (0, — A)d < 0 (as 9yd — Ad < Cd for some constant
C). As |Dd|* = |7]> = 1 implies that D;dD};d = 0 in Q*, we then have

that
D;dD;d

2

so d is a subsolution of (LSF.) in Q.

Pick a Lipschitz g : R™*! — R with ¢ >0, {g =0} =Tg=%¢,g=¢c>0
on {|z| > Ry}, and g = dist(z, Xo) near ¥y (in a dp-neighbourhood of %).
By previous work there is a unique solution, v, of (LSF.) with initial
data g, and u* — u in CP ., where u solves (LSF) with data g. Then
Iy = {u(t,) =0}, and u = g = dp > 0 on the set {z|dist(z,Xg) = do} at
t = 0. So, as u is continuous, u > %0 > 0 on {(t,x)|d(t,x) = dp} for all
0 <t <ty, for ty small, and so u® > %0 > 0 there; picking a > 0 small we
get u® > d on this set. We then have u® > d on the parabolic boundary
of QF (since u®* > 0 and d =0 on Xy, and d = ad < g = v at t = 0),
so the maximum principle gives u® > d on Q! Thus, as ¢ — 0, u > d
on QT; but d > 0 on the interior (Q)°, so u > 0 on (Q1)° also, and
{u=0}NQ" C ;. The same idea gives {u =0} N Q™ C X, by choosing
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d = —ae Md. Also u > 0 on (R \ {z|dist(z, o) < do}) x [0,t0] by
construction. So u = 0 only on >, i.e. I'y C 3 for 0 <t < tp.

For the reverse inclusion, let § : R®*! — R be Lipschitz with § = d(0, )
(signed) near 3o, {g = 0} = Xp, and § = ¢ > 0 on {|z| > Ro}. Let 4 be the
weak solution of (LSF) with data § and set I'; = {a(t,-) = 0}. As § < 0
in Up we have 4(t,z) < 0 for some x € Uy, for t ~ 0 (by continuity), and
the same reasoning gives some x € Uf with a(¢,z) > 0. Then fix zg € %,
for small ¢, and a curve C such that one endpoint, =1, has 4(t,z1) > 0,
the other, x2, has u(t,z2) <0, and C NE; = {zp} only! By the continuity
of @ on C, a(t,-) = 0 at some point of C, call it &/, with 2/ € I'; C % by
the first step, so that 2’ = xg. But zy was arbitrary, so X; C f‘t, and thus
¥ = Iy for small ¢ (< tg); i.e. M(H)To = 2.

Finally, let S = sup{r € (0,T)|%; =T for 0 <t <7} >t;. f S<T
we have 3; = I'; for 0 < ¢ < 5, and the continuity of solutions of (LSF)
tells us that ¥g C I'g (i.e. w = 0 on Xg, by taking limits). However, if
we had z € R""!\ X5, then B,(z) C R*""\ 3, for § —¢ <t < S, and
so By(x) NTy = 0 for such t < S; one then needs a barrier argument to
conclude that x ¢ I'g. Thus I's = Xg, and since S < T we can start again,
a contradiction! O]

2.8 Geometry of the generalised MCF

We want to show that our geometric intuition for MCF carries over to the
generalised MCF.

Example 6. (Spheres) Consider I'g = 0Bg, and M(t)I'o =T';. We claim
that

OBpg(), where R(t) = VRS —2nt, for0<t<T= ?—E,
I't = 4 {0} fort=T,
) fort>T.

The first part is clear by Theorem 18, as Yo = 'y evolves smoothly for
0 < t < T. For the other cases, let u(t,z) = ¥(|z|*> + 2nt), where 9 :
R — R is smooth with ¢/ > 0, ¥ < 0 on [0,R3), 1 > 0 on (R%,3R3),
Y(R%) =0, and ¢ = 1 on [3R3,00). Then u is a weak solution of (LSF)
with {u(0,-) =0} =T, and T'y = {u(t,-) = 0} has the desired form above.

Theorem 19. (Finite extinction and convex hulls) Let t — T, be a
generalised MCF. Then:
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1. IfTy C Bg, thenTy =0 fort > 2n, i.e. the flow disappears in finite
time!

2. I'y € Conv(Ly), the convex hull of Ty.

Remark 28. (1) is a non-trivial remark, since before we only showed that
the smooth flow could not continue past the collapsing time of the sphere!

Proof. For (1), suppose first that I'g C Br,—. for some small ¢ > 0, and
let g : R"*! — R be continuous with ¢ > 0, I'o = {g =0}, and g = 1 on
{|z| > Ro}. Then let § = v(|z|?) for ¢ as above, chosen so that § < g
on R™"*!. By the comparison principle for (LSF) the corresponding weak
solutions satisfy @ < u, where by uniqueness @ = 1 (|x|? + 2nt), which is
2

positive if t > T = %. So for such ¢ we have v > 0, and hence I'y = (}! In
general, if I'g C Bg,, replace Ry by Ry + E and send ¢ \, 0: we get I'; = ()
for ¢t > (R0+€) for each € > 0, so if ¢ > 0 then I'y = (), giving (1).

For (2), if Ty € R = {21 > 0}, pick Ry > 1 so that Iy C Bg,(Roe1) C

R”. Then by (the proof of) (1) we get I'; C B\/W(Roel) C R

SoTI'y C ]R’}fl, and applying this for any half space containing I'g gives
I't € Conv(Ty) = ﬂ{H | H a half space containing I'y},

which is (2). O

We now turn to the comparison of sets.

Theorem 20. (Comparison of sets) Let Ty and Iy be compact in R,
with generalised MCFs t — I'y and t — T'y. If I'g C I'g then I'y C Iy for all
t>0.

Remark 29. Such a result does not hold for all notions of weak MCF;
e.g. for the Brakke flow given by the blowdown of the grim reaper (a
half-line of multiplicity two).

Proof. Choose g,§ > 0 with Iy = {g = 0} and Ty = {§ = 0}, both
constant on {|z| > 1}. Up to replacing g by g + g we also get § < g (since
Iy C Iy gives {g+§ =0} ={g=0}n{j =0} =TIy). Then the weak
solutions v and 4 of (LSF) are such that 0 < @ < u, so {a = 0} D {u = 0},
ie. Iy C Iy O

Theorem 21. (Distance between generalised flows) Assume that
T, Iy £ () are compact in R" 1, with generalised MCFs t — Ty, I;. Then
dist(To, T'g) < dist(T's, ) for all t > 0, where we set dist(I'y,T';) = oo if
Iy or Iy is empty.
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Proof. Without loss of generality d = dist(I'p, o) > 0, so choose g :
R™ — R with

{FO - {g - 0}7 I'yp C {g - 1}’ and Lip(g) < d—l (i)
g =2on {|z| > 1},

(e.g. if DoUl'g C Br_g, take g(x) = min{w, 1}+min{w, 1}
the two terms are never both non-constant). Then let u be the unique
weak solution of (LSF) from g, so that Ty = {u = 0} and T’y C {u = 1}:
u — 1 is the solution for g — 1, so {u(t,-) = 1} is the generalised MCF of
the compact set {g = 1} D fo, and we can use the comparison of sets
(Theorem 20). By the contraction principle for (LSF) (and translation
invariance) we have Lip(u(t,-)) < Lip(g): since u(t,z) = u(t,z — xg) also
solves (LSF), with data § = g(- — x0), comparing v and % we get

la(t, ) = u(t, )|z < [|g = gl < Lip(g) [zo!

Now if Ty, Iy # 0, pick z € Ty and & € I'; with |z — &| = dist(T';,I;), so
that, by (1),

dist (Ft, f‘t)

1=11-0|=u(t,z) —u(t,z)| <Li r—z < —=.
101 = u(t,2) ~u(t.2)| < Lip(g) o — 3] < {2

O

Remark 30. This proof (applied from any starting time, using the semi-
group property) shows that dist(I'y,T'y) is monotone non-decreasing! (We
will come back to address strictly increasing!)

2.9 Mean convex flows

Let I'g = Uy, for Uy a bounded open set in R**! with I'y smooth and
Hr, > 0 with respect to the inward normal; i.e. I'g is mean convex. For
the smooth MCF ¢ — 3; with ¥ = I'g we saw that in fact 3; C Uy for all
t € (0,T) (for short times this followed from Hr, > 0, and for other times
we used avoidance).

Question 3. Is this true for M(t)['g =T?

Question 4. Can we make sense of mean convexity for non-smooth objects
(i.e. Ty C T fort >t)? (This is addressed by other authors, and is implicit
in Evans-Spruck.)
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The answer to the first question is yes, in a very strong sense (with much
better behaviour than for general flows). The idea is that in this case there
is an elliptic problem that determines everything: solving

D;vD;v .
— ((5” — W) Dizj’l) =1 in Uy, (AT)
v = O on PO - 8UO,

gives I'y = M(t)I'g = {v = t} C Up; i.e. the solution of (AT) gives the
‘time of arrival’ function for the flow I';. Note that (AT) is equivalent to

Dv 1
—div [ = | = = >0,
v <|Dv\> Dol

where the left hand side is the mean curvature of the level set {v = const}.

To recap: if Ty = 90Uy (with Up open and bounded) is smooth and mean
convex, then ¢t — M(t)I'g = I'; should retain aspects of smooth MCF, i.e.:

1. I'y C Uy for t > 0.

2. Ty = 0Uy with Uy C Us for t > s > 0 (the flow doesn’t fatten); we
will need to interpret this.

Claim 1. There is a unique solution of (AT), with estimates, and I'y =
{v =1t} (so the graph of v over Uy records the whole flow).

To study (AT) we first need a notion of weak solution:

Definition 5. We say that v € C%(Up) is a weak subsolution (super-
solution) of (AT) if whenever v — ¢ has a local maximum (minimum) at
xg € Uy, for some p € C™, then at xg either

DipDjep
_ <5ij _ |D<p|j2) DX <1(>1) when D #0,

or
—(ds5 — &@-)ngcp <1(>1) forsomel&| <1, when Dy = 0.
A weak solution is both a weak subsolution and a weak supersolution.

Theorem 22. (The arrival time) There is a unique weak solution, v, of
(AT), and moreover there are 0 < a < A with

adist(z,Ty) <wv(z) < Adist(z,Ty) and |Dv| <A

(so v is C%', and {v =0} =Ty).
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Proof. We approximate by a more regular PDE: for £ € (0,1) consider

- <5ij - %) D}v* =1 on Uy, (AT.)
3
v® =0 on Fo = (‘3U0

Existence and uniqueness for (AT,) follow by ‘standard’ theory; we now
want uniform estimates in order to pass to the limit ¢ — 0. Note that v*
has no local minima, by the equation and the maximum principle! We
construct barriers of the form w(x) = Ag(d(z)), where d(z) = dist(z, )
(which is smooth near T'y and Lipschitz globally) and g, A are to be
determined. We restrict to V' = {0 < d(z) < 200}, a small one-sided
tubular neighbourhood of OUy on which d is smooth (for dp small). As I'g
is mean convex we have 0 < b < —Ad < B, where b > 0 is a lower bound
for Hr,; note also that DidD%d = 0. Then, for w,

< DZwD]w )2 "
j

g
- s2+\Dw|2) Djjw = Mg'Ad +g") — ad

A (g')? + €2
52)\9,/

=\ Ad+ ———.
g Aad+ N2(g)2 1 &2

Setting g(s) = 03 — (s — dp)? and w = Ag o d, we get, for w,
(+) > —CAdp — 2\ > —1 for small A > 0 (independent of ¢),

so w is a subsolution of (AT.) on V. The (elliptic) maximum principle
(using that v® has no interior minima) then gives v > w for all 0 < A < Ao,
with Ag sufficiently small. Thus v* > ad(x) in Uy for a uniform a > 0
(using v& > w on {d = dp}).

—S

For an upper bound, let g(s) = log ( 20 ) and w = Ag(d). Then g(0) = 0,
q > 250 7' =(7')? and §,g — oo as s — 28, , and (+) for g gives
2

(+)g—CA+%<—1 (ase < 1),

so w is a supersolution for A sufficiently large, independently of . Using
the maximum principle again (with some care), v* < w for all € > 0 when
A > Ay, independently of e. Hence v* < Ad(x) on V, and

1>
agv@)gA on V,

so |Dvf] < A on Ty (as v° is constant on 'y and Dd L Tg; similarly
|Dve| > a there). Differentiating (AT.), each D;v° satisfies an equation,
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and applying the maximum principle gives |D;v°| < A on Uy for i €
{1,...,n+ 1}, so |[Dv®| < A on Uy (potentially increasing A). Integrating
(and increasing A) we get v* < Ad on Uy (as Uy is not necessarily convex).
Thus ||v¢||co,r < A < oo independently of e, with |v*| < Ad, so by Arzela—
Ascoli v¥F — v locally uniformly, with v solving (AT) (and satisfying the
same estimates).

For uniqueness, let t — I'; be the generalised MCF of T'g; we show that
I'y = {v =t} (which gives the uniqueness of v, since the generalised MCF
is unique!). Set u(t,z) = v(x) —t for x € Uy and ¢ > 0; one can check that
u is a solution of (LSF) in (0,00) x Uy, i.e. uy = (6ij - %) D%u Set
I, ={z e U|v(®) =t} ={u(t,-) = 0} and a(t, z) = |u(t,z)| = [v(z) —t],
and check that 4 is a weak solution of

>

;= <5Z~ — D‘lgﬁéu) D?jﬁ in (0,00) x Up,
t on [0,00) x 9y,
v on {0} x Up.

>
|

<>
Il

Choose g : R — R with 'y = {g = 0}, g > 0, g growing linearly away
from Ty, and g constant on {|z| > 1}, and let w > 0 be the corresponding
solution of (LSF). So I't = {w(t,-) = 0}, and w is Lipschitz in t by
construction, so that w(t,z) < Ct for x € I'g and ¢ > 0, for some constant
C > 0. Let w = aw; then for o > 0 sufficiently small we get

o Jv on {0} x Up (from |Dv| > a > 0 on I'y),
w
t on (0,00) x AUy,

and (the proof of) the comparison principle, in a boundary version, gives
w < @ on [0,00) x Uy. So if z € 'y then z € Ty, i.e. T'y C Ty for ¢ > 0.

Similarly, by the same reasoning, we define w = Sw for large S > 0. From
Hr, > 0 we get that I'; C Uy for t € (0,1g), for some small g > 0 (e.g. as
I'; agrees with the smooth flow), and then the semigroup property for the
generalised MCF gives I'; C Uy for all t > 0! Hence w > 0 on (0, 00) x dUj,
and so for any fixed T' > 0 we can choose 8 > 0, depending on 7T, so that
w >u > 0on [0,T] x Uy (check; near t = 0 we use smoothness). This
gives I'y C [, for 0 <t < T, but T was arbitrary, so this holds for all t.
Thus Iy = Iy for all ¢; so Ty = {v =t}, and v is uniquel! O

2.10 Regularity of the arrival time

(This lecture is typeset from Hunter’s notes.)
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Let Ty = 0Up, with Uy C R™*! bounded and open, and Ty strictly mean
convex. Last time (Theorem 22) we saw that there is a unique weak solution
v € CY! of (AT), with uniform estimates, and v can be interpreted as the
time of arrival function of I't = M(¢)I'g, i.e. I't = {v = t}. Today: how
about the regularity of v?

Remark 31. (Observation) If Dv(xzg) # 0 and Dv is C* near xq, then
v € C* near xy (Schauder theory). In general we need to deal with the
singular set, S(v), the complement of the set of such points xg.

Example 7. (Balls) If Uy = Bg,(zo) then

R% — |z — 202

o) = 0L,

a C* function, with Dv(z) = 0 if and only if x = x.

Remark 32. As long as we have a smooth MCF t — ¥, for0 <t < T,
we get reqularity of v in {0 < v < T}.

Example 8. (Conver domains) Let Uy be a bounded, convex, smooth
subset. By Huisken’s theorem there is a smooth MCF t — Y, 0 <t < T%,
with g = I'g, where each X; is convexr and the flow disappears in a round
point at time T* at xg. Then v € C*®(Uy \ {zo}) N C¥Y(Uy); in fact,
v € C2%(Uy) for n > 2. But for generic Uy we cannot get C3.

Why? Flows near the round sphere have a certain behaviour under rescaled
MCEF. What can we say about v near xg?

Theorem 23. (Strehlke; see also Sesum) Near xo (where the flow disap-
pears, at time T*) the arrival time has an expansion of the form

|z — 20]? k(k—1)

v(z)=T" ™ + |z — | P(x — x0)

k(k—1)
+0 (|3§‘ o m0|z7-‘rk-|-7n ) ’

for some o > 0, where n is the dimension of the hypersurface, k > 2, and
P is a homogeneous harmonic polynomial of degree k. Moreover, given any
such k and P, one can find a conver domain Uy for which this expansion
occurs (and Sun—Xue showed genericity).

Remark 33. (Observation) When n > 2, if k =2 and P # 0 we get the
lack of C3. When n =1 we get C? (but not more in general).
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Idea of proof. Consider the rescaled MCF around xg at time T,

0F - -
Wy = (1" =172 (D =), s=—log(T"~1), where yx:H@ﬁ%.
S

Then ¥y — S™(v/2n) as s — oo, so we can write ¥y as a graph over

S"(v2n): )
U, = {f(p) + ,%(p) w(s,p) ‘p € S”(\/%)} :

For s > 1,

ow
— = Aqn w4+ iw+ tw +Q(w,Dw),
Os Sn(v/2n) 2 2 Q( )

quadratic

~
linearisation of H from %

where the first % is \ASH( \/ﬂ)lz, and we can ‘ignore’ the quadratic term Q).
So we want to know the spectrum of

L — AS"(\/%) + 1.

The eigenvalues of —L are

“l=po<—3=m = =fint1 < fiprz =" —1=1 <.,
with eigenfunction 1 for pg and the coordinate functions x; for py, ..., fipt1-

So we get solutions w that are formally linear combinations jCipje T,
whose modes are:

e ¢ M0% = ¢e% which is killed off by time invariance;
. xieés for 1 <14¢ < n+1, which are killed off by translation invariance;
. gpnﬂe*%s, the good modes.

The bad modes get killed Py the nature of the convergence to the round
sphere, so that |w| < Ce™ =% as s — oc. O

One can formulate Huisken’s result in the level set flow setting (but this
does not give everything). Evans—Spruck obtained partial results in this
direction: if Uy is convex with solution v, they show directly that:

1. w = /v is concave;

2. {v >t} is C*! and convex.
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A priori, {v = T*} could be a line segment. Korevaar and Kennington
prove power concavity using a two-point maximum principle.

What about the mean convex world?

Example 9. (Marriage ring) Let Uy = T.(S'(1)) = Uzoest (1) Be (o),
an S'-invariant solid torus. For € > 0 sufficiently small, Ty = 0Uy is
smooth and mean convez, and we get a unique solution of (AT) for this set.
Uniqueness implies that the symmetry is preserved, so the singular set is
also St-invariant, and the flow becomes singular on a circle of radius ~ 1.
This gives an example where v has a singular set of positive dimension.

Example 10. (Dumbbells and the critical peanut) For a dumbbell in R3,
the arrival time v has two mazxima at the lobes, where the flow has round
(S?) singularities, and a saddle at the neck, where the neck pinches with
a cylindrical (S* x R) singularity. A less pinched ‘peanut’ instead shrinks
to a single round point, so its arrival time has a single mazimum (an S
singularity). Interpolating between the two, somewhere in between there is
the critical peanut, whose arrival time has a single mazimum at which
the singularity is cylindrical (S' x R); see Figure 2.6.

S? S?

St xR S2

St xR

dumbbell critical peanut peanut

Figure 2.6. The arrival time v along the axis of symmetry (schematic),
with the type of singularity at its critical points: a dumbbell, the critical
peanut, and a peanut.

We now know the following (from work of Evans—Spruck, Colding—
Minicozzi, and others):

Theorem 24. Let v be the arrival time of a mean conver flow, as above.
Then:

1. S(v) = {|Dv| = 0}.
2. v is twice differentiable.
3. dimy S(v) <n—1, and H" 1(S(v)) < .

4. v € C? if and only if either
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(a) S(v) ={v=T*} is a unique spherical point, or

(b) S(v) is a closed, connected, k-dimensional C' submanifold, for
some 0 < k <n—1, consisting of cylindrical singularities.



CHAPTER III

ILMANEN'S BIGGEST FLOW

We now restate the Evans—Spruck level set flow approach in manifolds,
following Ilmanen [[Im93]; this does not follow immediately, since the
arguments relied on R™. Throughout this chapter (M, g) is a Riemannian
manifold of dimension 7.

3.1 Level set flow on manifolds

Fix a Riemannian manifold (M, g) (not necessarily complete), and let
f M — R be continuous on M. We consider

{%f - (gij - ?%ﬁ?) V?ju =0 onl0,T) x M, (LSF,)

u=f on {t = 0}.

The idea is that {u(t,-) = h} evolves by MCF in (M, g) if everything is
nice (|Vu| # 0, compact level sets, smooth). We need a weak solution
notion for this (the same as for Evans—Spruck):

Definition 6. (Weak solutions of LSF,) A continuous w : [0,T) x M — R
is a weak subsolution of (LSF,) if u(0,-) = f and for all (ty,x0) €
(0,T) x M, if ¢ is smooth with ¢(tg,xo) = u(to,xo) and ¢ > u near
(to,xo0), then either

aﬁ . < ij ViSOVj‘P

T T V2o <0 at(t
o o) The S0 at o)

if V(to, o) # 0, or

9 _

o7 — (97 —€EIVip <0 at (to, ),

for some 1-form & with |§| < 1, if V(to,z9) = 0. Weak supersolutions

and weak solutions are defined analogously. (Note: we do not ask u to be
bounded!)

52
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Definition 7. (Level set flows) We say that a family of closed subsets
t—Ty C M, fort €]0,T), is a level set flow (LSF) if there is a weak
solution u of (LSFy) with {u(t,-) =0} =T%.

This differs from Evans—Spruck: we are not claiming that I'; is determined

by FQ'

Ilmanen shows that Evans—Spruck largely carries over to the manifold
setting, but he has to deal with the lack of the affine structure of R"
(which needs other proof ideas). In particular we get the following, where
the proofs of the first two follow Evans—Spruck verbatim:

Theorem 25. (Uniform convergence) If (uy) is a sequence of weak so-
lutions of (LSF,) with up — uee in CP([0,T) x M), then us is also a
weak solution of (LSFy).

Theorem 26. (Relabelling) If u is a weak solution of (LSF,;) and ¢ : R —
R is continuous, then ¢ ou is a weak solution of (LSF).

Theorem 27. (Comparison) If u and v solve (LSF,) and satisfy
1. u(0,-) <v(0,-) on M, and
2. imsup; 4)_,o0(u —v) <0,

then v <wv on [0,T) x M.

Here limsup( ) / < 0 is automatically satisfied if M is compact;
otherwise it refers to (¢, z) leaving compact subsets of [0,7" — ] x M (this
was built into the Evans-Spruck definition!).

Proof. This is the bulk of Ilmanen’s paper; one needs to modify the
arguments for the manifold setting. O

For the existence of weak solutions of (LSF,) we need assumptions on
(M, g). We again regularise and consider, for f smooth,

e24+|Vue|?

dus ij _ ViuEviu® 26 —
- (0 S S0 w0
ut = f on {t =0}.

Proposition 1. When (M, g) is compact there is a unique smooth solution
u® of (LSF,.), with the estimates

Lo fJus(, )l poe < N fllzees

2. ’ a{;f (tv')HLoo < ’ %(07 ')HLoo < CHvaHLOO;
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8. ||Vus(t, )|lpe < e M|V £, if Ric > XA > —oo for a constant A

(the Ricci term comes from the Bochner formula, i.e. from commuting
derivatives).

We then get:

Theorem 28. (Ezistence and uniqueness in compact manifolds) Let (M, g)
be compact. Then for any continuous f : M — R there is a unique weak
solution of (LSF,) with initial data f.

Proof. Use the above proposition as in Evans—Spruck for existence, and
comparison for uniqueness (in a compact manifold, comparison holds
without the limsup condition). d

Theorem 29. (Level set flows of closed subsets of compact manifolds)
For (M, g) compact and T'o C M closed (hence compact), there is a unique
t — Iy, for allt > 0, which is a level set flow; i.e. 'y is the zero level set
of some weak solution of (LSFy), and it is uniquely determined by {f = 0}
(so any other solution with {f = 0} = {f = 0} has the same zero sets).

Corollary 1. IfI'y C I'oC M are closed, then I'y C I, for allt > 0.

Remark 34. There are level set flows with Ty D U # 0 for allt > 0
(e.g. closed minimal surfaces!). (Ilmanen shows that the level set flow of
any non-separating hypersurface never vanishes!)

3.2 Non-compact manifolds

What if M is not compact?

Theorem 30. (Short time existence and uniqueness) Let (M, g) be any
manifold and I'o C M compact. Then:

1. There are T > 0 (small) and t — Ty compact, fort € [0,T), satisfying
(LSF,) (there is no uniqueness!).

2. If Ute[o,T) 'y is precompact (i.e. its closure is compact), then t — T’y
is unique with respect to all other solutions of (LSFy) for which this
holds.

3. If Ute[o,T) Ty is precompact, then t — I'y extends to [0,T + ¢).

The conclusion of (3) fails in R™ \ B;(0) for shrinking spheres (which
have a finite existence time). We prove this theorem, and the next two, in
Section 3.4.
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Theorem 31. (Avoidance) Let (M, g) be any manifold and t — Ty, t — T
be solutions of (LSFy) on [0,T). Then ToNTo =0 implies Ty NTy = for
all t € [0,T), provided we know that

I,NTyCc KM fora fited compact set K. (%)

Remark 35. When (M, g) is complete with Ric > X\ > —oo and Ty is
compact, (x) is automatic.

Theorem 32. (Long time existence) If (M, g) is complete with Ric >
A > —o0, then for compact U'g C M there is a unique solution t — 'y of
(LSFy) for allt > 0, with I'y compact for all t > 0.

What if I'g is closed but not compact (in ‘good’ manifolds)? The observation
is that (LSF) is not unique: {f = 0} = {f = 0} does not imply that
I't ={u =0} and I'; = {a = 0} agree.

Example 11. We saw this before (Figure 1.6)! Let h®(x) = (1 + |z|)~1=F
and I‘g = {(z,+hP(x)) |z € R} C R%. The flow T™, approzimated from
inside by flows of compact sets, and the graphical MCF T of £hP (which
is mon-compact) satisfy It = T3t = Fg, but their level set flows differ!

Definition 8. (Biggest flow) Let (M,g) be a complete manifold with
Ric > A > —oc0. A family of closed sets is a biggest flow if T'y = {u(t, ) =
0}, where u satisfies (LSFy) and limy ;) u(t,z) = 0 (ie. the sets
{u(t, ) = h} are compact for h #0).

Theorem 33. All level set flows of Iy satisfy I C Ty, where I'y is a
biggest flow; hence the biggest flow is unique, and it exists.

We prove this in Section 3.5.

3.3 The finite speed property

We claim that we have a “finite speed property”, i.e. solutions cannot reach
a fixed point ‘too fast’. Fix g € M and ro > 0, and let B(rg) = By, (o)
be a geodesic ball (implicitly r¢ is chosen so that By,(x) is complete!).
The Bishop comparison theorem tells us that if we suppose that Ric >
—(n — 1)kg for some k > 0 on By,(xp) (x depending on ry and x¢), then

OregB(r) = 0B(r) \ {cut points of o}, 0<r <o,
is such that, for y € Oy B(7),

H(y) < (n — 1)V coth(Vkr),
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where the right hand side is the mean curvature of 8B7InHI (%)

the hyperbolic space H(k) of constant curvature —x. Let

cosh™! (e(n—1)st

oy =TT
VE

and r(t) = q(q¢ " (ro) +to — t) for t < to+ g 1(ro), for a fixed tg € [0,T).
Then

, a sphere in

so that ¢(0) =0,

I = —(n—1)Ecoth(VRr(t) < — sup H,
dt Oreq Br(1))

so t — 0B(r(t)) (away from cut points) is moving ‘faster’ than MCF. Let

ult,y) = ¢ ' (d(y)) =g '(ro) +t —to, where d(y) = disty(y, zo);
then u(to,-) < 0 on the interior of B(rg) (indeed {u(t,-) < 0} = B(r(t))),

and by construction u is a weak supersolution of (LSF,) away from the
cut locus (check).

At cut points this is also OK: since w is continuous, it is a global weak
supersolution. Indeed, let y be a cut point, with distinct minimising
geodesics v and S from y to xg, and let w # v be the unit vectors in
TyM (in the zg direction) along v and § respectively. Then D,d = —1
(the directional derivative), but since y is a cut point, D_,d < 1, by
considering a point z on 3 and the triangle inequality: with d = dist(-, 2)
we have d(y(—t)) < d(y(—t)) + d(z, zo) for small ¢, with equality at t = 0,
and differentiating gives

D_yd < D_yd=(—w) - (—v) < 1.

But then Dyu(t,y) = —(¢71)(d(y)) # 0, while D_,u(t,y) < (¢~ (d(y)),
so u has a (concave) corner at y; if ¢ is smooth with ¢ < w, it cannot
touch u at y! So w is trivially a supersolution at cut points.

Lemma 3. (Finite speed) If ro > 0 and Ric > —(n — 1)kg, with k > 0,
on B(rg), then there are T > 0, depending on k, and r(t), with r(tg) = ro
and r(t) > 0 on [to, to + 7], such that

B(T‘o)ﬂFtO:@ — B(r(t))ﬂft:(D fO’I“tG(tg,toJrT].
Proof. Use the u we built as a barrier, together with the comparison

principle! O

Example 12. Consider R? with g = dr2+r2e™/2 02, Its Gauss curvature
is K = —(5r2 +1%) < 0, so it is complete and Cartan—Hadamard, with
no lower bound on its curvature. Then Hyp, = % + 13, and one can check
that t — OB (%) solves classical MCF for t € (=7%,0) (Figure 3.1),

while for t < =% we can have )! (This doesn’t violate avoidance!)
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r

0

N

Figure 3.1. The radius r(t) = /tan(—2t) of circles moving by MCF in

(R2, dr? + r2¢™/2d62): they come in from infinity at t = -

So (2) in the short time existence theorem needs uniqueness in the class
with Ute[o,T) I'y precompact. From the level set flow point of view, the
zero set is generated ‘near oo’ at ¢ > 0.

3.4 Proofs of the existence theorems

Lemma 4. (Finite speed, restated) If ro > 0 and By,(po) is a complete
geodesic ball with Ric > —(n — 1)kg for some k > 0, then there are T > 0,
depending on k, and a continuous decreasing r(t), with r(ty) = ro and
r(t) > 0 on [to,to + 7], such that

By (po) NTy =0 = Byy(po) "Ly =0 for all t € [to, to + 7).

One can use this with the comparison principle to prove the previously
stated avoidance principle (for I'; N IL,cKcM compact). The idea is
to pick u and 4, with Ty = {u = 0} and Ty = {4 = 0}, and u < @, so
that u < @ on (0,00) x K. Then ['y N Ty = 0 gives u < @ on {0} x M,
and comparison gives u < @ on (0,7) x K, so u < @ on [0,T) x M (as
I, NI, € K); hence Ty, N Ty = 0.

We now prove the short time existence and uniqueness theorem.

Proof of Theorem 30. For (1), existence: pick a precompact open set V' C
M with Ty C V, and a continuous f with f~1(0) = I'y and f = 1 on
M\ V. We can then embed V into some compact manifold M , and let
f on M be continuous, equal to f on V and = 1 otherwise. Existence
on compact manifolds then gives a level set flow on M starting from f,
ie. @:[0,00) x M — R with Ty = {a(¢,-) = 0}. Then I'y C V, and the
finite speed lemma gives T > 0 such that I'; ¢ V for all ¢ € [0,7). Up to
shrinking 7', the finite speed lemma gives & = 1 on a neighbourhood of



CHAPTER 3. ILMANEN’S BIGGEST FLOW 58

M\V forte [0,T), so we can transplant @ back to V' C M and extend
it by 1, to get a solution of (LSF,) on M with {u(t,-) = 0} = I'y for
tel[0,T).

For (2), uniqueness: if t — T'y, I'; are level set flows with Ty = ['g, and both
Ute[o ) I'y and Ute[o ) I’y are precompact, let V' be an open precompact
set in M containing both unions. Embedding V into a compact M again,
and using uniqueness there, gives the result. (May work for connected
flows.)

For (3), extending flows (‘running off the edge’): if A = g7 It 1s
precompact and V' C M is open and precompact with A C V, then (1)
shows that we can extend T'; for some time depending on dist(A, M\ V) > 0
and the lower Ricci bound on V. O

We then have the long time existence theorem (Theorem 32) in the following
form:

Theorem 34. If (M, g) is complete with Ric > —kg, k > 0, then for any
compact I'g C M there is a unique level set flow t — Ty for all t > 0, with
each T'y compact.

Proof. The finite speed lemma holds on uniformly sized balls (which are
all complete), i.e. with a fixed radius about any point. Thus all level set
flows of I'g are inside a compact subset of M for ¢ € [0,7], and so we
get uniqueness from (2); we then extend by a uniform amount of time
(depending on the geometry), since M is complete! O

3.5 The biggest flow

Definition 9. (Biggest flow, restated) Let (M, g) be complete with Ric >
—kg, k > 0, and let To C M be closed (it need not be compact). The
biggest flow of I'g is t — T'y, t € [0,T"), where I'y = {u(t,-) = 0} with
u solving (LSFy) and lim; 3) o0 u(t, x) = 0 (equivalently, {u(t,-) = h} is
compact for h #0).

Theorem 35. (Ezistence and uniqueness of biggest flows) For such (M, g)
and Iy, the biggest flow exists, is unique, and contains all other level set

flows of T'y.

Proof. We first show uniqueness. If t — Ty is a biggest flow and ¢ — I
is a level set flow of I'g, then we will show that I'y C I'; for all ¢, which
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gives uniqueness and containment. Let T} = {u(t,-) = h} for h # 0; then
t T is a level set flow of compact sets, and so

ThnTy=0 = ThNT; =0 for all t.

Sowu#honTy forany h#0,ie u=0onTy, and so Iy C {u(t,-) =0} =
I,

For existence, pick a continuous f with f~!(0) = I'g and f~!(z) compact
for all z # 0 (check that this can be done!). Pick § > 0 and set

=90 if f >4,
=<0 if |f] <0,
F4+65 if f < —0;

then M \ (f°)~1(0) is precompact by construction (since f° has compact
support). The finite speed lemma and the existence and uniqueness the-
orems then give u’ solving (LSF,) on [0,00) x M with initial data f°,
and one can check that {u® = h} is determined by {f = h + ¢} when
h >4, and by {f = h — d} when h < —§, which are compact sets! Since
|f0 — f%| < |6 — &'| everywhere, comparison with u® + |§ — &'| gives
[u® —u¥'| < |6 — &|. Sending § — 0, we get u® — u® in C | where u°

solves (LSFy), with {u’(¢,-) = h} the flow of the compact set {f = h},
which therefore remains compact for all ¢! ]



CHAPTER IV

WEAK SET FLOWS

We now define weak flows purely through the avoidance principle, as
set-theoretic subsolutions of MCF (following Ilmanen [Ilm92]), and show
that the maximal such flow is the biggest flow of the previous chapter.

4.1 Set-theoretic solutions of MCF

We do this in R"™! (but it makes sense in a complete manifold (M, g)
with Ric > —k(n 4 1)g for some x > 0).

Definition 10. (Weak set flows) Let t € [0,00) — Iy C R* ! be a family
of closed sets (Tt = 0 is allowed). This is a set-theoretic subsolution
of MCF, or a weak set flow (WSF), if for any MCF of compact sets
t— Et, te [to,tl] fO?“O <ty <t < o0,

Y, NTyy =0 = SN =0 for all t € [to, t1]; (AP)
i.e. if it satisfies avoidance with respect to compact smooth MCFs.
Equivalently, we may suppose that quantitative avoidance holds, i.e.
dist(T'y, X¢) > dist(I's,, X¢,) for t € [to, t1]. (QAP)

That (QAP) implies (AP) is immediate, as dist(T'y,, X¢,) > 0 if X, Ny, = 0.
For (AP) implies (QAP) one can use the translation invariance of smooth
MCF: if (QAP) failed at some ¢’ > tg, i.e. dist(T'y, Xy) < dist(Tyy, Xty ),
then we translate X so that Xy touches I'y; but then Xy, N Ty, = 0 while
Yy NTy # 0, so (AP) fails also.

Remark 36. If Ty, =0 and t — Ty is a weak set flow, then Ty = () for
allt >ty (we can always use a sphere!); this shows why one needs some
assumptions in the manifold setting.

4.2 Properties of weak set flows

1. Stability under closures of unions. Let ¢t — T'¢ be a family of

weak set flows and set I'y = |, Fi; then ¢t — I'; is also a weak set
flow.

60
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Proof. We use (QAP). Let t — %4, for ¢ € [to,t1], be a smooth MCF of
compact sets. If dist(I'y,,3¢,) > 6 > 0, then dist(I'} ,3¢,) > 6 > 0 for
each 7; but then (QAP) gives dist(I'}, ;) > 6 > 0 for all t € [to,t1], and
so dist(I'y, ¥¢) > 6 for such t also! O

Example 13. Let F6 C R? be two circles of radius 1 — %, centred at +1
(so at distance % apart), whose space-time tracks are a pair of (round)

cones. Then T = J,; T} is a closed set accumulating on the two unit circles
centred at +1, which touch at the origin, and the space-time track of I'y
fills out the space-time track of the level set flow from T'y. So we expect
that I'y is contained in the level set flow of T'y.

Definition 11. (Mazximal flow) For any closed Tg C R"! there is a
unique mazximal flowt € |0, oo) — ./\/lt, where My is the closure of the
union of all weak set flows t — 'y with Ty C Ty (so My =Ty).

2. Inclusion property. If t — I'; is a weak set flow and t — M, is
the maximal flow of Mg, then I'g C Mg implies I'; € M, for ¢ > 0.

The avoidance principle for the level set flow/biggest flow tells us that if
t + By, for t > 0, is the biggest flow of Ty C R™*! (so By = I'y), then
t — By is a weak set flow (by the avoidance principle for LSF), and so
B; ¢ My, for M, the maximal flow of I'g. In fact we will see that M; C B!

Theorem 36. (Avoidance principle for weak set flows) Ift — I't and
t— Ft are weak set flows with T'o N Fo =0, and one of Ty, Fo 18 compact,
then Ty NIy =0 fort > 0.

Corollary 2. B; = M, for allt > 0, i.e. the mazimal flow is the biggest
flow (with By = My =TY).

Proof. Let u be the solution of (LSF) with B; = {u(t,-) = 0} and '} =
{u(t,) = h} compact for h # 0 (by the definition of the biggest flow).
Then t — I“l]}, for t > 0, are weak set flows with F’(} compact, so since
2Ny = 0 the theorem gives TP NM; = ) for all t > 0. That is, u(t,p) # h
for h # 0 and p € My, so u(t,p) =0 for p € My, and thus M, C B;. 0O

4.3 The avoidance principle for weak set flows

The idea of the proof of Theorem 36: we need smooth flows for the
definitions, but we aren’t given any. Ilmanen introduces a lemma:

Lemma 5. (CY! interposition) Given disjoint closed sets X,Y C R"H!
with X compact, there are a CY hypersurface Q and a bounded open set
U C R* ! with:
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1. XCU,Q=0U and Y C R""\ U;
2. dist(X, Q) + dist(Y, Q) = dist(X,Y).

For example, if X and Y are nested squares then @ is a rounded square
between them, which is C1'! but not C2. (we will prove this for Q being
C* later.) Let’s use this to prove the theorem.

Proof of Theorem 36. Say T'y is compact. As ¢ — Ty and t — I'; avoid
shrinking balls,

T, C {z|dist(z,Ty) < (2n(s —t))2} fors>t>0

(so I'; is compact for all ¢ > 0), and similarly we have the inclusion (but
not compactness) for I';. Thus

dist (s, ) > dist(Ty, Iy) — 2(2n(s — 1))%.

If dist(Ty,, f‘to) > 0, then the C1! interposition lemma gives a C1! hyper-
surface ) with

dist([y,, Q) + dist(Q, I'y,) = dist(I'y,, T,) > 0.

The idea is to flow @ by classical MCF and use it as a barrier. There are
two issues:

e a technical point: @ is only C'™!, so the flow is not smooth at ¢ = tg;

e the flow only exists for some finite time, but we need to ensure that
it lasts long enough to get information.

We mollify Q to get smooth ¢ with
dist(T's,, Q) + dist(Q%, T'y,) > dist(T'y,, I'y) — €

and supg- |A]* < C(ty) < oo, independently of € (as the normal to Q
is Lipschitz). Short time existence of MCF for Q¢ gives a smooth MCF
t — QF for t € [to, to+ T (to,€)], but the control of the second fundamental
form shows that T' is independent of € (or at least has a lower bound
independent of ¢)! We also get Uy with 0U; = Q7 and I'y, C Uy, so the
definition of a weak set flow gives

L, cUf and Iy c RN\ UF for all t € [to, to + T(to)],

and so dist(T, Ty) > dist(T's, Q) + dist(Q5,T). Thus, by (QAP),
dist (T, T'y) > dist(T'y,, Q5,) + dist(Q5,, ')

> dist(Ty,, I'y,) — e for all t € [to, to + T(to)].

Sending ¢ \, 0 gives dist(T's, ;) > dist(I'y,, I's,), and then iterating (with
a clopen argument) gives dist(I'y,I';) > dist(I'o,I'g) for all ¢ > 0. O
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Remark 37. Hershkovits— White observed that C' regularity is enough
for a uniform existence time (so Q being C' is enough!). Why? On a
small scale any C' hypersurface has almost Euclidean area; then Huisken’s
monotonicity shows that this property is preserved under the MCF' from
smoothings of the C' hypersurface, which gives a uniform existence time
by Brakke regularity (see Section 4.5).

4.4 (C" interposition

We will prove a C! interposition result (following Hershkovits—White).

Theorem 37. (C! interposition) Let X, Y C R"*L be closed, with r =
w > 0 and {p|dist(p, X) = r} compact (e.g. if X is compact).
Then there is a compact C' hypersurface M separating X and Y with

dist(X, M) = dist(Y, M) = r (Figure 4.1).

This should also hold in a manifold, with appropriate assumptions.

Figure 4.1. C! interposition (schematic): a compact C! hypersurface
M separating X from Y, at distance r = 3dist(X,Y’) from both.
Remark 38. Ilmanen showed that it holds with M being C:.

Proof. There is § > 0 such that {p|r —¢ < dist(p, X) < r+4} is compact;
let

X' ={p|dist(p, X) <r—4§} and Y’ = {p|dist(p,X)>r+ 5}
Then set

A= {p|dist(p, X) < r} = {p|dist(p, X") <6},
B = {p|dist(p,Y") < 3},
Z=ANB#0,and U = R*""!\ (AU B). The claim is that Z is a C1!

hypersurface, never closer than r to the two sets that it separates (so if
U =0, then Z is what we want!).
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Pick z € Z, and let C7 and C% be line segments of shortest length joining
z to X' and Y’ respectively. We claim that C7 U C5 has the shortest
length between X’ and Y’ so that C§ and C§ are parallel. Indeed, since
dist(z, X'),dist(z,Y') < 4 by the definitions of A and B,

26 > dist(z, X') + dist(z, V') > dist(X', V') > 24,

so dist(X',Y") = dist(z, X') 4+ dist(z,Y”), and the claim holds. This also
shows that z — C7? is unique (otherwise there would be a non-smooth
minimising path between X’ and Y'!) and continuous. Thus z + v, the
unit vector parallel to C§ (pointing away from X'), is continuous, and v,
is the normal to Z at z, so Z is C! (the proof even shows that Z is locally
CY1). If U = () we are done, since Z has the distance property!

If U # 0, then U is open and precompact; let h : U — R minimise the
Dirichlet energy [;; |[Vh|? with

h=—-1on0dA\B and h=+1londB\ A

(or use Perron’s method). Assuming such a minimiser exists, h is harmonic
on U (Ah = 0), and thus smooth. Moreover, h is continuous on U \ Z: if
p € OU\Z and ¢ € X'UY" is closest to p, then Bs(q) C U¢ and p € dB;s(q),
so h = %1 near p, and so h is continuous on U \ Z. (It is not immediate
why one can minimise, but one can cut out balls around U N Z and solve,
then shrink the balls; or use Perron’s method on the same regions.)

Let ¢ € (—1,1) be a regular value of h and set
M =ZUh™(e),

where Z is O (or C') with normal v, and h=!(c) is smooth with normal
% (pointing from A to B). We now claim that M is C!, for which it

suffices to show that the normal is C?; i.e. we want to show that if p; € U
and p; = z € ZN9OU, then % — v,. Let By, (gi) C U be the largest

ball in U containing p; (with ¢; € U, which may not be equal to p;!) and
set
U-—gq Di — qi

Ui = - D) Bl(0)7 ﬁz = P and hz(x) = h(rzx + qz),

so that h; : U; — (—1,1) is harmonic. We claim that

Uy—Slab={-1<z-v, <1}.
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Then, up to a subsequence, h; — hoo in C%, with p; = poo € B1(0), where
hoo is harmonic on the slab and 41 on its boundary pieces, so ho is linear

with heo(x) = v, - . Hence

Vh(pi) _ Vhi(pi) R Vheo (Poo)
IVh(pi)|  [VRi(D:)]  [Vhoo(Poo)|

=v,.

4.5 Uniform existence times

Let’s see why C' interposition is enough for the avoidance principle for
weak set flows.

Theorem 38. (White [Whi05]) There are e = £(n) > 0 and C = C(n) >0
so that if t € [0,T) — ¥y C R"*L is a smooth MCF with

’H”(Eo N Br(l’o))

o <l+4e forallzyeR"™, re (0,70), (®)

where w,r™ = H"(B2(0)), then for all py € X, with 0 < ty < min(T,r3),
we have

C
2
[As, I"(po) < &

This is a smooth version of Brakke’s regularity theorem, and for static flows
(30 a minimal hypersurface) it is a smooth version of Allard’s regularity
theorem. (Brakke and Allard regularity are hard in general; White’s result
is easier since we assume smoothness a priori.)

The point is that the estimate on the curvature is independent of T' (the
time of existence). So if we had T' < T’(Q) , we would get uniform estimates
up to T, and X; — X7 in C*°, with X smooth with uniform curvature
bounds. If X7 is compact we can then use short time existence to get a
smooth flow ¢ — %; on [0,73). Also, if ¥ is a C! closed hypersurface then
there is some rg, depending on ¥, such that (®) holds for 0 < r < ro; and
if the ¥; are smooth with ¥; — ¥ in C!, then (®) holds for the ¥; for
0 <r <7, for i > 1 sufficiently large. We can then pass the flows of the
Y; to the limit, to give a smooth flow out of ¥ for a uniform time!

Remark 39. It is interesting to know what the optimal € is. The argument
of White shows that it is essentially determined by self-shrinkers, i.e. solu-
tions of Hy, = f%, which are exactly those ¥ for whicht — /—tX, t < 0,
is a MCF (singular at t = 0, unless ¥ is a plane). In fact, it is better to use
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a slightly different measure of ‘flatness’, namely the Gaussian density
ratio (or entropy)

r—x 2
O(%, zg,7) = (4WT2)3/6_| = dH"(x).
)

White observes that the optimal € should then be determined by finding the
non-flat self-shrinker ¥ C R™" with the smallest Gaussian density ratio.
For a self-shrinker, Huisken’s monotonicity gives

2|2
sup  O(%,z0,7) = O(%,0,1) = (47) "2 / e~ dH",

zoER L r>0 b))

i.e. we want to minimise this quantity among self-shrinkers X that are not
flat. We might hope that the sphere is the optimal shrinker; this is true
for n =1 by Abresch-Langer [AL86] (in any codimension), and for n = 2
the sphere is optimal by Bernstein—-Wang (in codimension one). All other
cases are open.



CHAPTER V

TOPOLOGY CHANGE FOR THE
BIGGEST FLOW

Following White [Whi95], we show that the biggest flow can only change
the topology of the complement in restricted ways: path components
cannot merge, loops cannot appear out of nowhere, and certain cycles at
the final time cannot become trivial.

5.1 The topological theorem

Let M C RT x N be closed, where R = [0,00) and N is an (n + 1)-
manifold; i.e. M is a subset of space-time. Let W = M€ be its space-time
complement, and for 7 > 0 let

Wir|={(t,z) e W |t =7} and
W0,T)={(t,z) eW|o<t<T}= ] W[

0<7<T

Theorem 39. (White) Let M = {(t,z)|x € My} be the space-time track
of the biggest flow t — My of Mo C N (so My is n-dimensional in the
(n + 1)-manifold N ). Then, for general N:

1. The inclusion ig : W[0] — W[0,T] induces an isomorphism (ip). :
Ho(W0]) — Ho(W0, ).

2. Any loop in WI0,T] is homotopic to a loop in W[0], i.e. (ig)s« :
w1 (W[0]) — w1 (W[0,T)) is surjective.

Moreover, if N is complete with Ricci curvature bounded below, then:

3. Ifip : W[T| — W0, T] is the inclusion, then (i1)s : Ho—1(W[T]) —
H,_1(WI[0,T]) and (ir)« : H,(W[T]) — H,(W]0,T]) are injective
(and (3) applies to any weak flow!).

Remark 40. (1) says that path components cannot coalesce under the flow.
If the space-time track looked like two tubes merging into one (Figure 5.1,
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left), then W[0] would have 3 components but W[0,T] only 2; but this is
inconsistent with the avoidance principle. If instead one tube splits into
two (Figure 5.1, right), then W0] and W[0,T] both have 2 components,
which is fine, even though W[T'| has 3.

Y T

merging: ruled out splitting: allowed

Figure 5.1. Space-time tracks of flows of curves (schematic). Left: two
tubes merging, so that components of the complement coalesce, which
(1) rules out. Right: one tube splitting into two, which is allowed.

Remark 41. (2) says that loops cannot appear out of nowhere: a ‘C’-
shaped tube with no loops at t =0 cannot become a torus, with loops, at
some t > 0 (this is again inconsistent with the avoidance principle). Loops
can however disappear: a torus can pinch and become a ‘C’-shaped tube.
For ezample, if M[0] = T3 is the Angenent torus then 1 (W[0]) = Z? and
7 (W0, T]) = Z2! (Here the complement has two components, inside and
outside the torus, each with m1 = 7, and Z? means one Z for each; the
same applies to the doughnut with a disk in §5.2.)

Let us focus on n = 2 (surfaces in 3-manifolds). Then (2) and (3) give
that Hy(W[0]) — Hy(W]0,T]) is surjective and Hy(W[T]) — H1(W[0,T1])
is injective. Essentially this implies that dim H;(W[T]) < dim H,(W0]),
so if My and M7 are smooth, then the genus of My is at least the genus
of Mp: the genus is non-increasing! We can have the genus drop at neck-
pinches, but we don’t have to (the dumbbell). We can also have the genus
drop at a self-shrinker of positive genus (e.g. the Angenent doughnut).
(For (3), it is unclear what an example where (i7), is not surjective would
be.)

5.2 Examples

The proofs of the topological results will not be too hard; it is more
important to understand examples. The following examples show that the
theorem is sharp: we can’t relax from the biggest flow to other flows, and
we can’t say anything more general about intermediate homology.
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Example 14. (Sudden vanishing) The weak set flow

M =

R2
8B\/IW fort e [O, 4772]’

R2
0 fort > 72,

is such that W[0] has two components, but W[0,T] has one component for
2
T> %; so it fails (1) of the theorem.

Example 15. (Figure eight) If M[0] is a figure eight, then M[T] is
fattened for T > 0. Here W[0] has 3 components and W[0,T] has 3
components (which is fine for the theorem!). But let M'(t) be the ‘outer
boundary’ of M(t); this goes from the figure eight to a peanut-shaped curve,
and then to a circle and a point. Then W'[0] has 3 components while
W'[0,t] has 2 components for t > 0, which violates the theorem.

Example 16. (Doughnut with a disk) Rotate a circle, together with a
segment joining it to the z-axis, around the z-axis, to get a torus with a
disk spanning its hole. One can flow this, as a surface with triple junctions
(Schulze-White)! At some time 0 < Tp < Tging one can ‘delete’ the central
disk to get a torus, and restart the flow. Then m (W]0]) = Z, but for
T > T, m(W[0,T)) = Z* (a loop appears from nowhere!).

Example 17. (Generalised dumbbell) Fiz a > 1 and let
I = Bi((a,0)) UBi((—a,0)) U ([~a,a] x [~&,¢]) C R,

a planar dumbbell. For p > 1 and g > 2 write RPT? = RP x RY, with
z = (x,y) € RPTY and set

I={(z,y)|(lzl,|y]) € I},

the actual dumbbell, which is C*' and mean convex for a > 1 and ¢ < 1
(globally, after smoothing). (Since |x| > 0, the ball B1((—a,0)) never
contributes; and for p > 2 each ‘lobe’ {(|x] — a)? + |y|* < 1} is the unit
tube around SP~1(a) x {0}, so it is SP~1 x Bt rather than a ball, while
for p =1 it is the two balls at x = ta.) By work of White, the flow of I
only has neck-pinches. We have MoN{x = 0} # 0, but there is T > 0 with
Mp n{x =0} = 0 while My is not empty (put an Angenent doughnut
around the neck, and balls in the lobes!). Then

WIT] > S = 8B2(0) x {0},

which does not bound anything in W[T|. But mean convezity gives that
the inside of WI0] contains the inside of W[T], which contains S, so
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S = OR for some R in the inside of W[0]. So, for 0 < k < n —1,
Hi,(WI[T]) = H(W[0,T1]) is not injective (which shows we can’t say more
about general topology).

Similarly, let S" be the union of {0} x Bl ,(0) and a hemisphere, a
q-dimensional submanifold. Then S’ is disjoint from the inside of W|[T],
but has non-empty intersection with the inside of W10]; and S’ does not
bound any R in W[T]. So for 2 < k <n, H,(W[0]) = Hi(W[0,T]) is not
surjective, since [S'] # 0 and nothing in W[0] maps to it.

5.3 Flows with boundary

To set up the proofs we need flows with boundary.

Definition 12. (Classical flows) Fixz a Riemannian manifold (N, g) and
let M be any n-manifold, with or without boundary. We say that

M={(t,z)|t € [a,b], v = f(t,p) for some p € M}

is a classical flow of MCF if f : [a,b]x M — N ‘s continuous, one-to-one,

L.
smooth on (a,b) x (M \ OM), and (%{) = Hjy, - Its heat boundary
18

OM=A{(t, f(t,z))|t=a and x € M, ort € [a,b] and x € OM},
i.e. the initial time slice together with the space-time track of the boundary.

Theorem 40. (Avoidance for classical flows with boundary) Let My and
Mo be two classical flows. Then

MlmMQ?é@ — a./\/hﬂ./\/b#@ 07“3./\/120./\/1175@.

In fact, if X € My N Ma, then there is a connected K C M1 N Mo with
X € K, and some X' € K N (OM;UOMas).

Proof. The maximum principle (check). O
Theorem 41. (Short time existence for flows with boundary)

1. If M C N is a CY' (or C, as we saw) compact embedded hypersur-
face and t € R, then there is a classical flow M with OM = {t} x M

(the usual short time existence).

2. If U C [0,00) x N is open and U’ is the union of all classical
flows with heat boundary in U, then U’ is open (by the continuous
dependence on initial data).
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Proof. Check! O

Definition 13. (Weak flows with boundary) Fiz a closed set I" C [0,00) x
N. A closed subset M C [0,00) X N is a weak flow generated by T if:

1. M[0] = T[0];

2. if M is a classical flow with OM' "M =0 and M'NT =), then
MNOM=0.

The avoidance principle shows that any classical flow M is a weak flow
generated by oM.

Remark 42. We can restrict to comparisons with classical flows M’
whose heat boundary is their initial time slice, OM' = M'[t] x {t}. In
particular, if I' = T'g x {0} then this recovers Ilmanen’s definition of a weak
flow. So White’s definition implies Ilmanen’s, and in fact the converse
holds also! To see this, suppose that M’ is a weak flow in the new sense;
if we fiz a time slice t, then a smoothing M of a tubular neighbourhood of
M[t] remains disjoint from M and T for some (short) time, and so M’
is also. . ..

Some further observations: let 7 : [0,00) x N — [0,00) x N, (¢t,z) —
(t + 7, ), be time translation by 7 > 0. Then M is a weak flow generated
by I' if and only if 7(M) is a weak flow generated by 7(I'). Thus we have
the restarting property: if M is a weak flow generated by I' and T" > 0,
set

I'={(t,z) eT[t>TYUM[T] and M ={(t,z) e M|t>T}

then M’ is a weak flow generated by I'V. We also allow popping: for T > 0
and M a weak flow generated by I,

M =Tu{(t,z) e M|0<t<T}
is also a weak flow generated by I'.

Theorem 42. (Avoidance principle for weak flows) Suppose that My and
My are weak flows generated by T'y and T, that {(t,x) € My |t < T} is
compact, and that at T > 0,
dist(M(T), M2(T)) < Hin dist(M,(T),T4(T)).
i#j

Then t +— dist(M1(t), Ma(t)) is non-decreasing on [T, T + €], with €
depending on M1[T] (which is compact).
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Proof. Use Ilmanen’s result (interposing a hypersurface between M [T]
and Ms[T], away from I'1[T] and I'y[T7). O

There is an analogous result if N is complete with Ric > —(n + 1)kg, etc.;
one can then extend € to be uniform, depending on the boundary.

Definition 14. (Biggest flow with boundary) Fixz a closed set T' C [0, 00) X
N, and inductively define Wy = {(0,z) ¢ T'}, which is open in {0} x N,
and let Wi4q be the union of all classical flows M, disjoint from I, with
OM C Wy. Then the Wy, are all open in [0, 00) X N, with Wi, C W41, set

W= W,
k>0

which is open in [0,00) X N and disjoint from I' by construction. Then
M(T) = ([0,00) x N)\ W

is closed, with T' C M(T'), and we call this the biggest flow generated
by I’/

5.4 Path components

Proposition 2. The biggest flow M = M(T") generated by T' is a weak
set flow generated by T', and if M’ is any other weak set flow generated by
I, then M’ Cc M.

Proof. If M’ is a weak set flow generated by I, then (inductively) M’ N
Wy, =0 for all k > 0, so M" C M(T); this is the second statement. On the
other hand, if M’ is a classical flow with M'NT = ( and OM’' N M = (),
then OM’ € W, so OM’ C Wy for some k > 0 (by compactness), so
M’ C Wiy € W, and thus M’ N M(T) = 0. So M(T) is a weak set flow
generated by T. O

Theorem 43. Let M be the biggest flow of I'. Then:

1. For each X € M® =W there is a time-like path t — (t,y(t)) in W
connecting X to some Y = (0,y) € Wy.

2. If X and Y are in different connected components of Wy, then they
are in different connected components of W.

Together, (1) and (2) say that the path components are the same, which is
(1) of Theorem 39.
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Proof. For (1): X € W implies X € W}, for some k > 0; we induct on
k. The case k = 0 is immediate (take the constant path). If £ > 0 then
there is a classical flow M’ with X € M’ and OM’ C Wj_1, so we can
connect X, within M/, to a point Y on dM’, going backwards in time.
Then Y € Wi_1, so we can use the inductive assumption to connect Y to
Wo!

For (2), let Wy = WOX L W(}/ be a decomposition of Wy into disjoint open
sets, with X € WOX and Y € W(}/. If X connects to Y in W, then it does
so in some Wp,. Let W,f( and Wg/ be the construction applied to WOX and
WOY respectively. If Z € WkX N W]-Y for some j,k > 0, then there are a
classical flow M’ with M'NT =0 and M’ C WX |, and a classical flow
M" with M"NT = and OM” C VV}:l, both containing Z. Then the
avoidance principle gives WX | N WjY #0or WEN W]Y—1 # (); but then,
iterating, we get that W()X N WEY # () or WL;X N WS/ # () for some £ > 0,
which is a contradiction (as each W) meets {t = 0} only in W', and
similarly for WZX ). Thus WkX N W]-Y = () for all 7, k, so Z cannot exist! []

5.5 Loops

We now look at 7y, for a fixed closed set I' C [0,00) x N.

Lemma 6. (Lack of spontaneous generation) Let M’ be a classical flow
with M'NT = 0 and OM’' C Wy (so that M' C Wyy1). Then each
connected component of M’ N\ W), contains points of OM’.

Proof. Let U be a connected component of M’ N Wy, let 5 > 0 be the
smallest number with U N W; # (), and pick X € U N Wj. Observe that
0 < j < k.If j = 0 we're done, as Wy only contains boundary points of M’!
We claim that U N W; contains points of 9M’. If not, then j > 0, and so
there is a classical flow M* with X € M*, M*NT =0 and IM* C W;_,4
(by the definition of W;). The avoidance principle (Theorem 40) then gives
a connected subset K of M’ N M* with X € K, and a point

Y € (OM UOM*)NK. (®)

By construction M* C W; C Wy, so K C U; but as OM* C W;_q, we
have Y ¢ OM™* by the choice of j (as a minimum; otherwise W;_1 N U D
W;_1 N K would contain Y). So Y € OM’ by (®). O

Theorem 44. Let M be a level set flow (the biggest flow). Then every
closed loop in W[0,T] = {(t,z) € M°|0 <t < T} is homotopic to a
closed loop in W0]; i.e. for the inclusion iy : W[0] — W[0,T], the map
(10)« : m(W]0]) = w1 (W0, T]) is surjective.
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Proof. Let Wi[0,T] = WxNW[0, T]. Covering space theory gives a covering
map 7 : W0, T] — W0, T] (with W[0] = Wp) such that a closed loop v in
W10, T] lifts to a closed loop in W0, T if and only if 7 is homotopic to a

closed loop in W0]; equivalently, 7. (71 (W10, T7])) = (ig)« (71 (W]0])). From

this we get a continuous lift ig : Wy — W[0, T with 7 0 ig = ip. To define
this, fix a point zg in each component of Wy and choose Zy € W[O,T]
with 7(Z9) = x¢. Then for v : [0,1] — Wy with v(0) = z¢ and v(1) = yp
there is a unique lift 4 : [0, 1] — W0, T] with 5(0) = &0, and we define
io(yo) = 7(1). If ¢ is another path between zo and yo, then £ 1o~ is a
closed path in Wy, so €' 07 is also closed, and £(1) = 5(1) = 4o (yo).

We inductively define iy : Wi[0,T] — W10, T], the lift of the inclusion
ix : Wi[0, T] < W0, T] (with W5[0,T] = Wp). Given ix_1, the lift of i,
(the base case k = 1 being as above), if M’ is a classical flow disjoint
from T’ with M’ C Wj,_1, then there is a unique lift ¢ : M’ — W0, T]
with ¢(z) = ip_1(z) for x € OM'. (To see this, if F : [a,b] x M — M’ C
(0,00) x N parametrises the classical flow, then t — F'(¢,p) is a path with
F(a,p) € OM’ C Wj,_q; lift these paths.)

Claim 1: 9(z) = ix_1(x) for allz € M'NWy_1[0,T]. Let U be a connected
component of M’ N Wj_1; then both v and 7;_; give lifts to W[O, T] on
U. The lemma gives a point Y € U N IM’, where (V) = i_1(Y) by
definition, so the two lifts agree on all of U (lifts agreeing at a single point
agree), which gives the claim.

Claim 2: Let My and My be classical flows disjoint from T", with OM; C
Wi_1, and let ¢1, 1o be the corresponding lifts. If x € M1 N Mo, then
Y1(x) = 1o(x). By the avoidance principle there is a connected K C
Mi N Ms containing x and some point y € OM; U IMs C Wi_1, so
Claim 1 gives 11(y) = ¥2(y) = ir-1(y), and hence ¥ (x) = () by the
uniqueness of lifts.

Hence there is a well defined extension of ix_; to a lift 75, : W3[0, T] —
W[0,T7], defined by z + (), where M’ is a classical flow with M’ C
Wi_1, M'NT = and x € M’, and 1) is the lift from before (this is well
defined by Claim 2, and Ek‘Wk,l[o,T] = i}_1 by Claim 1). By gluing, we get
a lift i : W[0,T] — W0, T]; hence every closed loop ~ in W[0,T] can be
lifted via 7 to a closed loop in W0, ], i.e. v is homotopic to a closed loop
in WoJ! O
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5.6 Homology at the final time

Suppose we're working in a complete Riemannian manifold (N1, g) with
Ricy > —kg (k > 0), e.g. RMTL

Theorem 45. Let M be a weak flow generated by a closed, compact set
Mo C N at time 0. If C is an (n — 1)-cycle (e.g. an (n — 1)-dimensional
submanifold; specifically, a polyhedral cycle) in W[T| = {(T,z) | (T,z) ¢
M3}, and C' is homologically trivial in W[0,T] (i.e. C = P is the boundary
of something), then C' is also homologically trivial in W[T]. Namely, for the
inclusion ¢ : W[T| < W0, T, the map i, : Ho_1(W[T]) — Hp,—1(W][0,T7])
18 injective.
Proof. Let C'= 0P, for P an n-chain in W0, 7], and let I be the support
of P, the closed set associated to P. It is clear that we can modify P so
that ' N {t = 0} = 0. Let M’ be the level set flow generated by T'; the
assumptions on N ensure that M’[0,T] is compact. Set

&€= min dist(I'(¢), M(t)) > 0,
and thicken up M’'[T] to get a compact set K in W[T] with smooth
boundary, so that M'[T] ¢ K ¢ W[T]. Let IT : [0,T] x N — {T} x N,
(t,z) — (T, x), be the (continuous) projection, and let P’ = I, P; then

OP' = OlluP = I1,0P = I1,C = C,

so P “fills in’ C' in {T'} x N. If P" was supported in W[T, then we would
be done!

Claim: up to modification, Spt(P") C M’, so that it is disjoint from MIT],
and lies in W|T]. Note that this claim implies the result. Let v be a
loop in ({T'} x N) \ K, so that ~ lies in (M’)¢. Then our previous result
(Theorem 44) shows that + is homotopic, in W’[0, T, to a closed loop 7g in
W’[0]. But W'[0] = N, since 'N{t = 0} = ()! This means that the algebraic
intersection number of 7y and P is zero (the linking number of g is zero,
since I' N {t = 0} = ), and this number is a homotopy invariant, so v and
P have intersection number zero). Assign multiplicities to the regions of
({T} x N)\ (K UP') so that the multiplicity changes by o when we cross
a face of P’ of multiplicity a. We should worry about the consistency of
this choice, but it is all OK, since any loop in the complement of K has
algebraic intersection number zero with P’. This gives an (n + 1)-chain
@ in the complement of K with 0Q = Q' + Q”, where @' C P’ \ K and
Q" C 0K; modifying P’ by replacing P’ \ K with Q" gives an n-chain
with support inside K and boundary C. O
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Theorem 46. Let M be a weak flow generated by My at time 0. If a
polyhedral n-cycle C in W[T| bounds an (n + 1)-chain in W[0,T], then
C bounds an (n + 1)-chain in W[T|; i.e. i, : Hy(W[T]) — H,(W[0,T)) is

injective.

Proof. Let T' be the support of P, where 0P = C (with I' ¢ W/[0,T]
and, again after modification, I' N {t = 0} = (), and let M’ be the level
set flow of I' (again M'[0,T] is compact), with dist(M’', M) > ¢ > 0.
Let P’ = II4P, so that 0P’ = C and P’ lies in {T'} x N. We claim
that Spt(P') € M’ C W[T]. To see this, let (T,x) € Spt(P’) \ Spt(C)
and consider the path ¢t — (t,z) for 0 < ¢ < T'. This path intersects
P with algebraic multiplicity o # 0 (whatever the multiplicity of P’ at
x is!). Thus we cannot connect (T',z) to (0,z) by a path disjoint from
I (or in the same path component), and this implies that (T,z) € M.
So Spt(P’) \ Spt(C) € M’, and since C = P C Spt(P) = I', we have
C C M’ also, so that Spt(P’) c M. O

This is the end of the material from Jacob’s lectures.



CHAPTER VI

WHITE'S REGULARITY THEOREM

These are the closing talks of the course, given by Kahnrad Braxton, on
White’s local regularity theorem [Whi05].

6.1 Regular flows

We work in space-time R™:!, with points X = (z,t) and the parabolic
norm )

X[ = I(z,t)]| = max{[z|, [¢[2}.
For A > 0 let Dy : RV — RV (2,t) — (A\z,\%t), be the parabolic
dilation, and let 7 : RN — R, (z,t) + ¢, be the time function.

Definition 15. (Regular flows) Let M C R™:! be a (proper) C* embedded
submanifold of dimension m+1. If T has no critical points on M, then M
is a fully regular flow of spatial dimension m (e.g. a minimal surface,
or a static plane, times R or an open interval). A regular flow is a set
of the form {X € M |7(X) < T}, for M fully reqular and T € (—o0, c0].
Example 18. M = {(z,t) |z € M, t € (a,b]}, for M minimal, is reqular
but not fully regular.

If M is a regular flow, then for each ¢t € R the spatial slice
M(t) = {z e RN | (z,t) € M}
is a C! embedded submanifold of RY.
If M is a smooth manifold of dimension m, I = (a,b) or (a,b], and
F: M x I — RV is smooth with each F(-,t) : M — R an embedding,

then
M= {(F(z,t),t) |z e M, t €I}

is the space-time set traced out by F. If M is any regular (smooth) flow
and X € M, then there exist a space-time neighbourhood U of X and a
smooth map F' as above such that

MAOU = {(F(z,t),t) |z € M, t € I},

77
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a local parametrisation of M by F. By the fundamental existence

. OF .
and uniqueness theorem for ODEs, one can suppose that % (z,t) is

perpendicular to F'(M,t) at F(x,t).

Definition 16. (Proper flows) If M is a reqular flow and U C RN s
open, then we say that M is a proper flow in U if M = MNU.
Example 19. The shrinking spheres M(t) = SN=1(\/=2(N — 1)t) c RV,
t <0, give

M ={(z,t) e RN ||z = —2(N — 1)t, t < 0},
which is proper in RN x (—o0,0), but not proper in RN x R/

Let M be a regular flow in R™!. Then for each X = (x,t) € M there
is a vector v = v(M, X) € RY such that v is normal to M(t) at = and
(v,1) is tangent to M at X; this is the normal velocity of M at X. If
v= ﬁM(t) (x) for each (x,t) € M, then M is a MCF. Under the dilations

D), MCF is preserved, since v and H both scale like %

6.2 The local regularity scale

Definition 17. (Local C*% norm) Let M be a regular smooth flow (of
spatial dimension m) and X € M; we define K3 o(M,X) as follows. If
X =0e M and we can rotate M to M’ so that M’ N BN:! is contained
in the graph of a function u : B™' — RN=™ with parabolic C*% norm at
most 1, then we say that Ky o(M,0) < 1. Moreover,

K27Q(M,0) = mf{)\ >0 ’ K27Q(D/\M,0) < 1},
and we then set Ko o(M,X) = K3 o(M — X,0).

If K3 4(M,-) is uniformly bounded on a compact K C M, then M is a
C?*° flow in K.

Theorem 47. (Arzela—Ascoli for flows) For i > 1, let M; be proper C*
flows in U;, with M; — M and U — U° as sets. Suppose also that the
K5 o(Mi,-) are uniformly bounded, as i — oo, on compact subsets of
U. Then M' = MNU is a proper C** flow in U, and the convergence
M; — M is locally C? (parabolically). In particular, if X; € M; converge
to X € M', then v(M;, Xi) = v(M', X), H(M;, X;) - H(M', X), and

KQ,@(Mla X) S hm inf KQ,@(Mi7 Xz)
i—00

Let d(X,U) =inf{|X - Y|||Y € U°}; then d(X,U) K3,(M, X) is scale
invariant (check). If M is a proper regular smooth flow in U, we set

K 0.0 (M) = sup d(X,U) K3 (M, X).
XeMm
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6.3 Gaussian density

Definition 18. (Gaussian density) Let M be a regular flow in RN with
spatial dimension m. For X = (x,t) € RM! and r > 0, the Gaussian
density ratio is

Cly—af?

O(M, X, 1) :/ (m?)—?exp( M) dH™ (),

M(t—r2)

and the Gaussian density is O(M,X) = lim,_,0 O(M, X,r) (which
exists by Huisken’s monotonicity). Similarly, if M is proper in RN! we
also have
O(M,00) = lim O(M, X, ),
r—r00

for any X.

If M is a proper MCF in RY x (a,0) and 7(X) > a, then O(M, X,7) is a
non-decreasing function of r € (0, /7(X) — a).

Proposition 3. If M # ( is a smooth proper MCF in RN:1, then
O(M, 00) > 1, with equality if and only if M is a static plane, of the form

M =H x (—o00,T]
for an affine plane H C RN and T € (—o0, oc].

Proof. See Stone’s paper [Sto94]. O

6.4 White’s regularity theorem

Theorem 48. (White’s regularity theorem) For o € (0,1) there are
g,C > 0, depending on N, m and «, such that if M is a smooth proper
MCF in U, with spatial dimension m, and

OM,X,r)<1+e forall X e M, r € (0,d(X,U)),
then Ko . (M) < C.

Proof. We argue by contradiction: let € = inf{e > 0|the theorem fails},
and let g; — 1. We then have a sequence of flows M, in U; such that:

1. O(M;, X,r) < 1+e¢g; forall X € M; and r € (0,d(X,U;));

2. K2,a;Ui (Ml) — OQ.
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We can assume that K3 4., (M;) = S; — oo, and fix X; € M; such that
A(X0, U) Ky oMy, X) > 153

By translation invariance we may assume that X; = 0, and by dilation that
K5 o(M;,0) =1, so that d(0,U;) — oo by (2). Now, for each X € M;,

d(X, Ul) K27a(./\/lz‘, X) <5< 2d(0, UZ) KQ,a(Mia 0) = 2d(0, U),
and thus

24(0,U5) _  2d(0,Uy)
d(X,U;) = d(0,U;) — [|X]|

Ix) N
—2(1-
< 0.0 < (C < 0,

KQ,&(Mi7 X) S

which is uniformly bounded on compact subsets! Thus Arzela—Ascoli gives
subsequential convergence of the M;, locally, to a smooth MCF that is
proper in all of R™:!; call it M. Then (from the convergence)

OM, X,r)<1+¢.

Supposing & = 0, monotonicity gives (by Proposition 3) that M is of the
form

M =R™ x {0}V x (=00, T], T €[0,00].
By C? convergence, there are r; — oo such that M; N (B7(0) x BY =™ x
(—r;,7;)) is the graph of a function

ui: BIM(0) x I; = RN™™ I = (=1, 1) N (=00, T3),

with ||ui||c2 — 0. The u; satisfy the non-parametric MCF equation, so
that
8 m

aui — Au; = f;, where f;=— ';1
J’ =

Djukaui
IR B D
1+ [Dug2 77k

(if m = N —1). We note that f; — 0 in C%* on compact sets, since the u;
are uniformly bounded in C% on compact sets and tend to 0 in C? on
compact sets: indeed,

Djukaui

m — 0 in Clloc and D]Dkuz — 0 in Cl?)c?
u;

while the D;Dju; are bounded in C%. Lastly, Schauder estimates for the
heat equation imply that ||u;||c2.« — 0 on compact subsets of RV:1. But
we have K3 o(M;,0) = 1, a contradiction! So & > 0. O
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Proposition 4. Let £ be the infimum of the € > 0 for which the theorem
fails. Then:

1. There are no proper smooth MCFs with 1 < ©(M,00) < 1+¢ (static
planes have ©(M,00) =1).

2. There is a flow with ©(M,00) =1+ ¢&.
3. The theorem fails at ©(M,00) =1+ ¢ (i.e. fore =¢&).

Proof. For (1), if M is a smooth proper MCF in RV! with ©(M, c0) <
1+ &, then O(M,0) < 1+ ¢ < 1+ ¢ for some ¢, and so monotonicity
gives O(M, X,r) < 1+¢ for all X € M and r > 0. So the theorem
(with U = RM!, so that d(X,U) = o) gives K3 4(M, X) = 0, and so
O(M, X,r) = 1. For (2), some MCF fails the theorem, so as ¢ is an
infimum there has to exist one! (3) follows similarly to (2). O

6.5 Comments on Stone’s paper

Let My be a smooth, compact, embedded hypersurface without boundary
in RV*1. We say that Mj has a type I blowup if there is some Cjy < 0o

such that o
AP < —29%
max | AP < 57—

Are tangent flows unique? Some results in this direction:
e [Sto94]: type I, mean convex.
e [Whi03]: mean convex, codimension one.

e [Schl14]: compact tangent flows are unique (in Euclidean space, for a
closed, multiplicity one, embedded tangent flow).

e [CM15]: cylindrical tangent flows, generic singularities are unique
with no mean convexity assumption; in particular this covers mean
convex flows.

End of the course.
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