TEACHING PORTFOLIO

KOBE MARSHALL-STEVENS

This document is a portfolio of my teaching materials. It includes my teaching statement, a syllabus for each
course, as well as samples of assignments, notes, evaluations, anonymous feedback, and video recordings.
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1 Teaching statement

In this document, I describe my relevant experience and teaching philosophy. I have taught various courses
at the undergraduate and graduate level, mentored high school and undergraduate students, and contributed
to curriculum design. I emphasise that studying mathematics is an active and engaging endeavour, through
which every student can have deeply meaningful experiences. In each of these roles, I have thus sought to
create learning environments in which students feel supported, challenged, and able to succeed.

Currently, I am a J.J. Sylvester Assistant Professor at Johns Hopkins University, where I have taught broadly
across the mathematical curriculum during my first two years as an instructor. The courses I have instructed
include freshman Calculus I, upper-level undergraduate Calculus on Manifolds and Honors Analysis I, and a
two-semester graduate sequence in Partial Differential Equations. My teaching evaluations have been consis-
tently very positive, and I received the student-voted departmental teaching award in both years.

In the classroom I endeavour to maintain an approachable and encouraging presence. Central to this is the
guiding principle that every question is worth asking; I want students to be active participants, not spectators,
in their own learning. In practice, this means inviting questions, soliciting student responses, and encouraging
active engagement with the material. If an example seems counterintuitive, where does our intuition fail? If a
result seems too abstract, what examples or applications can make it more concrete?

Introducing concepts through worked examples helps students understand how they might discover a result for
themselves, while supporting the development of strong mathematical intuition. I have found this approach
especially useful when teaching continuity in both calculus and analysis classes, where the intuitive notion of
drawing a curve without lifting one’s pen from paper is translated into a formal definition in terms of limits.

To foster wider interest in mathematics, I often emphasise its interconnectedness, showing students how different
areas relate to and reinforce one another. This can be particularly effective for students drawn to applications,
as it motivates abstract mathematical concepts by presenting them not as isolated definitions, but as tools
with significance across the natural sciences. For example, when introducing Lipschitz functions in analysis, I
discuss their role in ensuring the existence and uniqueness of solutions to differential equations, which in turn
model various physical phenomena.

Careful course preparation and thoughtful assessment design are key components of successful student learning.
In my Calculus on Manifolds course, I substantially restructured the material to accommodate varied levels of
incoming backgrounds, placing greater emphasis on examples and geometric intuition. I have also used a range
of assessment methods alongside traditional written examinations, including quizzes, presentations, group
projects, and portfolios. These play valuable roles in providing regular feedback, developing mathematical
communication, encouraging collaboration, and allowing students to reflect on their progress. I aim to continue
to refine and adopt pedagogical techniques that support my students.

Outside the classroom, I have supervised several reading courses and mentored students on research projects.
Mentorship is essential for helping students develop skills that are not always cultivated in the classroom:
independence, confidence in their own mathematical judgement, the ability to formulate questions, and the
persistence needed to work through uncertainty. My research interests provide a natural source of accessible
and meaningful projects that can be tailored to students at different stages of their mathematical development,
including those encountering research for the first time; I am enthusiastic about developing further mentoring
opportunities.

Taken together, my experience and teaching philosophy reflect a commitment to rigorous, supportive environ-
ments in which students engage actively. I would be delighted to bring this approach to your department and
to contribute to its teaching, mentoring, curriculum development, and wider academic community.



2 Syllabi

In this section I include the syllabus for each course I have instructed, first providing some screenshots of the Canvas template I constructed for Calculus
I (and then repeatedly utilised for every other course). I then provide screenshots of each course calendar (with class dates, topics covered, and relevant
textbook sections) as well as the assignment overview, grade weighting, and late policy pages.

2.1 Canvas samples

Below are screenshots of my Calculus I Canvas page, similar templates were used for each of the other courses I have instructed.

+ Course support

Recent Announcements [P Whodol talk to if...

COURSE GRADES POSTED ON SIS & Student disabilities services (SDS) =

L] E X o
«>  Hiall, Congratulations on finishing the course, the exam has been graded and you cannov oo
¢ Office of Academic Support £
¥ Assignment files
FINAL OFFICE HOURS - N
® ) Practice quix + exanm sohition videas & Learning Den Schedule =

@  Hieveryone, This is a reminder for the final office hours: Finals Fuel Up at Scotts Bates Co

? Writing math and exposition y
¥  Study Consultant =

| i , Erade weighting policy

| Submission deadlines. quizzes and final exam dates ¢ Wiriting centre =

£ Gradescope submission instruction: 5 =
+ Course information ¢ PILOT &=
Instructor detalls

— & Math Help Room £
Name: Kobe Marshall-Stevens

#  Caleulus | notes.pdf Email: kmarsh34@jh.edu

Lecture details: Office hours: Fridays at 13:00-15:00 or by appointment in Krieger 313 (subject to change, please let me know if these times don't suit you!}
= Miscellaneous

Section details:

Sections 02 + 03: Monday/Wednesday/Friday at 10:00-10:50 in Hodson 210
7 Section Schedule and Materials Please feel free to leave anonymous feedback:
Sections 04 + 07: Monday/Wednesday/Friday at 11:00-11:50 in Hodson 210
section 02: TAIs (S - I 7. o< =y at 18:00-18:50 in Hodson 313

& Anonymous feedback form =

[®  Lecture topics
' v section 03: T is (N - - N .52y at 16:30-17:20 in Maryland 201
Bl Tentatve weeldy topcs Section 04 T AN - BN .o 5t 16:30-17:20 i Ares 215 Ussful resources:
section 07: TA i< . i< N, /oy at 18:00-18:50 in Maryland 201 & Paul's online math notes: online notes with worked examples =
Key dates:

& Active Calculus: online textbook with built in activities =
Holidays (no classes): 2nd September, 17-18th October, 25th-29th November
& Khan Academy: online videos and practice problems £
Add deadline: 6th September

Drop deadiine; 7th October ¢” 3 Blue 1 Brown: series of YouTube videos =

Withdraw deadline: 8th November
¢’ Wolframalpha: computation tool £

Last day of classes: 6th December

& Desmos: graphing tool S
Final exam: 16th December, 09:00-12:00



2.2 Calculus 1

Assignment iew: There will be 5 types of assignments for the course:

1. Problem sheets: There will be 12 problem sheets for the course, submitted on Gradescope. These are (with the exception of the first and last) due Monday at 11:59pm EST the week after they have been assigned, Collaboration is encouraged but submissions must be individually written up and submitted,

2. Group projects: There will be 5 group projects for the course, submitted on Gradescope. These are due at Friday 11:59pm EST the week after they have been assigned. Collaboration Is, of course, necessary and you will get started on these in your groups during sections and submit these together.

3. Quizzes; There will be 4 written quizzes for the course, given during Friday lectures. Collaboration is prohibited and these will be submitted in the lecture. If you score less than 70% on a quiz you must retake it {on the Thursday of the next week between 7-9pm in Krieger 205). If you score between 70% and B0% you may choose to retake the quiz. Your final quiz grade

for each quiz will then be the maximum of the first result and the retake, up to 80%.

4. Personal portfolios: There will be 2 personal portfalios for the course, submitted on Gradescaope. These will consist of individual projects, quiz wrappers and an end of course reflection, Collaboration is prohibited, but you are encouraged to ask the course staff (Instructor, TAs, CAs) questions.

5. Final exam: There will be a comprehensive final exam given on 16th December $am-12pm. More information will be given about this closer to the end of the semester.

Grade weighting; Your final grade wil then be calculated based on the following weighting of the above assignments:

* Problem sheets: The 10 highest scoring problem sheets (20% of final grade).

+ Group projects; All 5 group prajects (10% of final grade).
= Quiizzes; All 4 quizzes (40% of final grade).

* Personal portfolios; Both personal portfalios (15% of final grade).

= Final exam; The final exam (15% of final grade).

Late submission policy: There will be a 48 hour late window to upload and/or complete assignments (excluding quizzes and the final exam) and a late penalty of 10% per day applied to the late submissions. No assignments will be accepted after the late deadline has passed except in extenuating circumstances {in the case of extenuating circumstances please coordinate with

your case manager and reach out to the instructor and the Head TA as soon as possible).

Wecek Date Topic Relevant sections of the textbook

Monday, August 26 Welcome! Precalculus review, modelling with functions. 11,12

1 Wednesday, August 28 New functions from old, inverse functions, exponentials and logarithms. 13,14,15
Friday, August 30 Tangent lines, instantanecus velocity, introduction to derivatives. 21,27
[Manday. September 2 INo Classes - Labor Day

2 dnesday, September 4 Computing derivat iatives s function, polnts where functions fall to be differentiable. 27,28
[Friday, September 6 n ta limits, one-s ts and i 22
Monday. September 7 Limits laws, types of discontinuity. 23,25

3 \Wednesday, September 11 (Continuity, intermediate value theorem (IVT), limits at infinity. 25,26
[Friday, September 13 cQuztt - o
[Monday, September 16 Derivatiy higher f pol 28,31

4 [Wednesday, September 18 Prody derivatives of trl ic functi 32.33
[Friday. September 20 {Chain rule. 34
Monday. September 23 Implicit dil iation, inverse der and inverse trigonometric functions). 35,36

5 Wednesday, September 25 Maximum/minimum values, extreme value theorem (EVT), critical points/values, closed interval method. a1
Friday, September 27 Ralle's theorem, mean value thearem (MVT) and its applications. a2
IMonday, September 30 How derlvatives affect the shape of a graph, first and second derivative test, curve sketching. 4345

3 [Wednesday, October 2 Maore curve sketching, rates of change in science, exponential growth and decay, 453738
[Friday, October 4 “*Quiz 2"
Monday. Ottober 7 Logarithmic differentiation [not examinable), related rates. 36,39

7 \Wednesday, October 9 rates. linear ion (not 39.310
Friday, October 11 Indeterminate forms and L'Hospital's rule. 44
[Monday, October 14 formms, s bl 44,47

8 Wednesday, October 16 More optimisation prablems, review of limits and derivatives. a7
[Fridlay, October 18 [No Classes - Fall Break
Manday, October 21 Antiderivatives. 49

9 [Wednesday, October 23 ‘Areas and distances, Riemann sums. 5.1
|Friday, October 25 Introduction to the definite integral. signed area interpretation, 52
IMonday, October 28 Properties of the definite integral. 52

10 [Wednesday, October 30 are : integral as a function. 53
[Friday, November 1 **Quiz 3
Monday, November 4 The fundamental theorem of calculus (FTC). 53

11 Wednesday, November 6 Evaluating integrals using the fundamental theorem of calculus. 53
Friday, November 8 The indefinite integral and the net change theorem. 5.4
[Monday. November 11 y laka, 55

12 [Wednesday, November 13 d 55
[Friday, November 15 “'Quiz4*
Monday, November 18 Areas between curves. 4.1

13 \Wednesday, November 20 Integration by parts. 71
Friday, November 22 Exam information, caurse reflection and Q&A.

14 [Navember 25-29 No Classes - Thanksgiving Break
Manday, December 2 Exam preparation and Q&A.

15 \Wednesday, December 4 Exam preparation and Q&A.

v, December 6 Exam preparation and Q&A,




2.3 Calculus on Manifolds

Assignment overview: There will be 2 types of assignments for the course:

» Homewaork: There will be 4 homework sets for the course, submitted on Gradescope. Collaboration is encouraged but submissions must be individually written up and submitted.
& Quiz: There will be 3 quizzes for the course, completed in class.

Grade weighting: Your final grade will be calculated based on the following weighting of the above assignments:
* Homework: All 4 homework sets (each 15% of final grade).

* Quiz: All 3 quizzes (first worth 10%, second and third worth 15% of final grade).

Late submission policy: No submissions will be accepted after the submission deadline has passed except in extenuating circumstances (in the case of extenuating circumstances please reach out to the instructor as soon as possible).

Week Date Lecture Topic Relevant Chapters of Lee's book.
Tuesday, January 21st Motivation and examples of manifolds. 1
! Thursday, January 23rd A primer in topology, defining topological manifolds., 1, Appendix A
| Tuesday, January 28th Charts & atlases, ion maps, the d ion and les of smooth 1, Appendix C
% | Thursday, January 30th Smooth maps on and between diffe i as quotient spaces. 12,21
Tuesday, February 4th Partitions of unity and the abundance of smooth functions on manifolds. 2
? Thursday, February 6th Quiz 1
| Tuesday, February 11th Tangent vectors and spaces via derivations. 3
2 Thursday, February 13th The differential, dimension of the tangent space, and coordinate calculations fhomewark 1 due). 3
Tuesday, February 18th Inverse function theorem for manifalds, maximal rank and regular value theorems. 4
’ Thursday, February 20th and embeddi i and the Whitney embeddi 4, 8
| Tuesday, February 25th [The tangent bundle, global differential, and vector fields. 13,8
4 |Thursday, February 27th \Cotangent bundle, covector fields, and the differential 11
Tuesday, March 4th More on the differential, pullbacks, and the line integral. 11
’ Thursday, March éth Vector bundles, sections, and parallelisability fhamework 2 due). 10
Tuesday, March 11th A primer in multilinear algebra: tensors, symmetric and alternating tensors, and the wedge product. 12, Appendix B
& I Thursday, March 13th Quiz2
Tuesday, March 18th Spring break, no lecture
¢ Thursday, March 20th Spring break, no lecture
Tuesday, March 25th Riemannian metrics and differential forms. 12,13.14
19 | Thursday, March 27th O and orientation 15
Tuesday, April 1st Integration of forms. 16
" Thursday, April 3rd Manifolds with boundary. 1,15
| Tuesday, April 8th The exterior derivative on forms (homework 3 due). 14
i | Thursday, April 10th Stokes’ theorem. 16
Tuesday, April 15th ‘Applications of Stokes' theorem. 16
= Thursday, April 17th Closed and exact forms, de Rham cohomalogy. 17
14 \Tuesday, April 22nd Course review & connections to other topics (hamework 4 due).
| Thursday, April 24th Quiz 3




2.4 Honors Analysis I

Assignment overview: There will be 2 types of assignments for the course:

¢ Homework: There will be 10 homewaorks for the course, submitted on Gradescope. Collaboration is encouraged but submissions must be individually written up and submitted.
e Quiz: There will be 2 quizzes for the course, completed in class.

Grade weighting: Your final grade will be calculated based on the following weighting of the above assignments:

¢ Homework: All 10 homeworks (each 6% of final grade).
¢ Quiz: Both quizzes (each 20% of final grade).

Late submission policy: No submissions will be accepted after the submission deadline has passed except in extenuating circumstances (in the case of extenuating circumstances please reach out to the instructor as soon as possible).

Week Date Lecture Topic Relevant Chapter(s) of Rudin's book
August 25th Introduction, ordered sets, supremum and infimum. 3
! August 27th Fields, the real numbers, and roots. 1
September 1st Labour day, no lecture.
? September 3rd Extended reals, complex numbers, Euclidean space, the triangle and Cauchy--Schwartz inequality 1
September 8th Finite, countable, and uncountable sets 2
: September 10th (Homework 1 due) Cantor's diagonalisation argument, metric spaces, open and closed sets 2
September 15th More on open and closed sets, the closure of a set 2
i September 17th (Homework 2 due) Relative openness and compactness 2
September 22nd More on compactness and the Heine--Borel theorem 2
5 September 24th (Homework 3 due) Perfect sets, the uncountability of the real line, and the Cantor set 2
September 29th Connectedness 2
¢ October 1st (Homework 4 due) Limits of sequences, the limit laws 3
October 6th Subsequences, Cauchy sequences, and completeness 3
7 October 8th (Homework 5 due) Monotone sequences, limsup and liminf 3
October 13th Series 3
g October 15th Quiz1
October 20th Continuity 4
K October 22nd (Homework 6 due) The extreme value theorem and uniform continuity 4
October 27th Continuity and connectedness, discontinuities, and monotone functions 4
0 October 29th (Homework 7 due) Normed vector spaces i
November 3rd Differentiation 5
" November 5th (Homework 8 due) Darboux's and Taylor's theorem, multivariable differentiation 5
November 10th Sequences and series of functions, uniform continuity 7
? November 12th (Homework 9 due) More on uniform continuity and function spaces 7
November 17th A continuous but nowhere differentiable function, equicontinuity 7
= November 19th (Homework 10 due) The Arzela--Ascoli theorem 7
November 24th Fall recess, no lecture.
= November 26th Fall recess, no lecture.
December 1st Construction of the real numbers and equivalence of the completeness axioms (non-examinable) 1 - Appendix
15 December 3rd Quiz 2




2.5 Partial Differential Equations I

Assignment overview: There will be 2 types of assignments for the course:

* Homework: There will be 4 homeworks for the course, submitted on Gradescope. Collaboration is encouraged but submissions must be individually written up and submitted.
e Quiz: There will be 2 quizzes for the course, completed in class.

Grade weighting: Your final grade will be calculated based on the following weighting of the above assignments:

* Homework: All 4 homeworks (each 15% of final grade).
* Quiz; Both quizzes (each 20% of final grade).

Late submission policy: No submissions will be accepted after the submission deadline has passed except in extenuating circumstances (in the case of extenuating circumstances please reach out to the instructor as soon as possible).

Week Date Lecture Topic Relevant Sections of Evans' book

August 25th Introduction, function spaces. LAEB

! August 27th Functional analysis preliminaries, course outline D.1,0.2.D3
|September 1st Labour day, no lecture.

2 September 3rd Weak derivatives 5.2.1
September 8th Sobolev spaces, absolute continuity and one dimensional Sobolev spaces 522,523

? September 10th Mollification, interior approximation of Sobolev functions 531 53.2, C4.E4
September 15th Global approximation of Sobolev functions 533

¢ September 17th Extensions of Sobolev functions 54
September 22nd The trace operator 55

: September 24th (Homework 1 due) The Gagliardo—Nirenberg--Sobolev inequality, the Isoperimetric inequality 561
September 29th Halder spaces, the Marrey inequality 5.62

2 October 1st Embeddings of Sabolev spaces and compactness 5.6.3,57.C7
October 6th Rellich--Kondrachov compactness 57

’ October Bth Weak compactness and the direct method of the calculus of variations D4
October 13th Difference quotients, Lipschitz functions, differentiability almost everywhere 582 583,E4

& October 15th Quiz 1
October 20th Second order linear PDE, H ', weak solutions 591,611,612

’ October 22nd (Homework 2 due) Ellipticity, boundedness and coercivity of the associated bifinear form 6.11,62.2
October 27th The Lax--Milgram theorem, the first existence theorem for elliptic PDE 6.2.1 622

1 |October 29th An elliptic PDE with no existence or unigueness, Fredholm theory D.2,D5
MNovember 3rd The Fredholm alternative, the adjoint operator, the second existence theorem for elliptic PDE 6.2.3,D.5

" November 5th (Homework 3 due} Spectrum and eigenvalues of elliptic operators, the third existence theorem for elliptic PDE 6.2.3,D.5
November 10th Regularity theory for weak solutions, interior regularity 6.3,631

i November 12th Higher interior regularity, bootstrapping 4.3.1
November 17th Boundary regularity 6.3.2

9 November 19th (Homework 4 due) Existence for a nonlinear elliptic PDE 8.2
November 24th Fall recess, no lecture.

i November 26th Fall recess, no lecture.
December 15t Regularity via bootstrapping for a nonfinear elliptic PDE (as motivation for PDE II) 8.3

" December 3rd Quiz 2




2.6 Partial Differential Equations II

Assignment overview: There will be 1 type of assignment for the course:

e Presentations: Each student will give a short (exact timing to be determined) presentation on a topic agreed with the instructor.

Grade weighting; Your final grade will be calculated based on the following weighting of the above assignments and attendance:

* Presentations: Worth 50% of the grade.
s Attendance: Worth 50% of the grade.

Late submission policy: No submissions will be accepted after the submission deadline has passed except in extenuating circumstances (in the case of extenuating circumstances please reach out to the instructor as soon as possible).

Week Date Lecture Topic References
January 19th MLK jr. day, no lecture
1
January 21st introduction to Hilbert's XIXth problem, strategy Regularity Theory for Elliptic PDE, Chapter 3
Jdanuary 26th |Existence and unigueness of minimisers Regularity Theory for Elliptic PDE. Chapter 3
2
January 28th | Glorgi--Nash, sub/super-solutions, the Caccioppoli inequality Regularity Theory for Elliptic PDE, Chapter 3
February 2nd The L? to L™ estimate, alternate approach via Maser iteration Regularity Theory for Elliptic PDE, Chapter 3
3
February 4th Oscillation decay implies Halder continuity, De Glorgi's isoperimetric inequality. quantitative jumping Reguilarity Theory for Elliptic PDE. Chapter 3
February 9th IThe L™ to C"“ estimate, minimisers are (', further results |Regufarity Theory for Elliptic PDE, Chapter 3
4
February 11th |Properties of harmonic functions Gilbarg and Trudinger, Chapter 2
February 16th Mare on harmenic functions (Gilbarg and Trudinger, Chapter 2
5
February 18th General non-divergence form elliptic operators, strict and weak maximum principles Gilbarg and Trudinger, Chapter 3
February 23rd for the Dirichlet problem, comparison principles, Hopf boundary point femma Gilbarg and Trudinger, Chapter 3
o
February 25th |Strang maximum principle, uniqueness for the Neumann problem, maximum principle 8 prior estimates Gilbarg and Trudinger, Chapter 3
March 2nd Introduction to Schauder estimates via informal ideas and examples, Halder space recap Siman's Schauder estimates by scaling/Gilbarg and Trudinger, Chapter &
7
March 4th Interior Schauder estimates for non-divergence form, reduction to "baby Schauder” via Simon's absorbing lemma siman's Schauder estimates by scaling/Gilbarg and Trudinger, Chapter &
March 9th |Schauder estimates by scaling Siman's Schauder estimates by scaling/Gilbarg and Trudinger, Chapter &
8
March 11th Higher interior Schauder esth der estimates for e form, of Hilbert's XIXth problem Siman's Schauder estimates by scaling/Regularity Theary for Elliptic POE, Chapter 3
March 16th Spring break, no lecture
9
March 18th |Spring break, no lecture
March 23rd Boundary and global Schauder estimates (Simon's Schauder estimates by scaling/Gilbarg and Trudinger, Chapter &
10
March 25th [The continuity method (Gilbarg and Trudinger, Chapter &
March 30th Unique solvability of the O Dirichlet problem on balls. continuous sub/super-solutions Gilbarg and Trudinger, Chapter &
11
April st Lifts of subsolutions, subfunctions, interior Perron (Gilbarg and Trudinger, Chapter &
April th IBoundary cantinuity of the Perron solution by barrlers Gilbarg and Trudinger, Chapter &
12
“April 8th hm al tive for dis form, higher regularity of solutions, application to the MSE Gllbarg and Trudinger, Chapter 6
April 13th Leray--Schauder fixed point thearem, existence for the quasilinear Dirichlet problem via a priori €' estimates Gilbarg and Trudinger, Chapter 11
13
April 15th |Application of the theory to the MSE Gilbarg and Trudinger, Chapter 13
April 20th Presentations
14
April 22nd Presentations
15 April 27th Presentations




3 Assignment samples

3.1 Problem sheets

Screenshots of a single page of a problem sheet (two with typed solutions in blue) for the courses Calculus
Calculus on Manifolds, Honors Analysis I, and Partial Differential Equations I are included below.

Math 106/108 PROBLEM SHEET 12

Unusual deadline! Due Friday 11/22/2024 by 11:59pm EST on Gradescope

To subimit this assignment, you will necd o scanned copy of your homework saved a3 a PDF via Grade-
scope. 1 you write out your assignment on paper, you can create s PDF file by using a scanning app (e, the
Gradescope app) on your phone or tablet, or using a scanner in the library. Onee you have your PDF copy
of your homewark, head to the course Canvas page and selert Gradescope from the left hand menu, Onee
in Gradescope select the correct assignment to turn in (e.g, “Problem sheet 12") nnd follow the prompts to
upload your PDF. Tt will ask you to tag the probloms on each page of your subimnission so the graders
can find your work (don't skip this step!). After you have tagged the PDF you are ready to submit,

Written problems to turn in
1. Compute the following integrals by subtitution:

) [6 puimu]fmdm

Sotution: Let's substitute u = ¥ + 1; then,

du=12rdr, 0§ = rdr;

goes from ¢® 4 1 = 2to ™ 4 1= 4

x 1 du
j(:uw""’: w2

NAME: Hopxins ID:

Quiz 2, Calculus on Manifolds, Spring 2025

JHU Ethics Policy reminder: Each member of the University bears a personal responsibi

uphold the ethical standards of the institution. You should not discuss the content of this quiz with

other students in the course until everyone has taken it. Please sign below to indicate that you
o d the ethics implicati in this quiz envi

You have 60 minutes to answer the following 5 questions:

1. [5 points] Define the tangent space at a point on & manifold and state its dimension.
Solution: Let x € M be a point in a manifold. The tangent space to M at x, denoted T, M,
is the collection of all tangent vectors, which we define as linear functionals D : C~(M) -+ R
with the property that
D(fa) = a(@)D(f) + f(z)D(g)

for each f, ¢ € C™(M). The dimension of the tangent space is the same as the manifold.

- jf utdu 2. [10 points] If M C A is a submanifold and z € M, show that T.M € T.N.
2
. A - Solution: Every tangent vector arises as the velocity of some eurve (as shown in homework 2),
B thus as every curve in M is also a curve in N the tangent veetors to M at a point r must
ot R ery 1 P
T also be tangent vectors to N at z. Alternatively one can use the fact that the inclusion map
ECET A 2 M — N is smooth and diffeomorphic onto its image (as it is an embedding of M into N),
. hence its differential d.t : .M — T.N is injective and provides an inclusion of vector spaces.
= (d) 8 pnlnll][ 2 sin(rt?) dt
(b) [6 points] f rriad 2 . g 3. [10 points] Is the cross, (R x {0}) U ({0} x R) € R a manifold? Justify your answer.
Solution: A good substitution to try is u = mt%,
Solution: Let's substitute u = =+ 1; then, since that's the fumer function fn th compo- Solution: Notice that away from the erigin in B the pieces of the cross are a l-manifold (as
du = da. Also, we can write 2 In terns of u sition win (nf'), nad we also see sommothing ro- it consists of four half rays diffeomorphic to the open interval (0, 06)); thus if the eross were a
At tatell-t des = Gl I Uhe- imtagral, dokmely manifold it would be 1-dimensional. On the other hand, consider the curves (t,0) and (0, t) for
% = ¢dt. As t goes from 0 to 1, u = rt* goes o a
f L. Jf =l fromr 0 =0t P=x each t € R. These produce tangent vectors, (1,0) and (0, 1), at the origin that span R*; thus the
(=41 u ¢ e tangent space at the origin, if it existed, would be 2-dimensional. This contradicts the fact that
- Jr (! o 4),,,, Jf fsin (x7) dt = }f . (é) the tangent space should be the same as that of the manifold (which should be 1-dimensional).
u o o .
=lnjul+u"' 4C .,;,Jf‘,m.‘,,, 4. Let 718" C R™! - R be the projection, #(y,. .., s k1
I i Jo
i g (i) [10 points] Find, by means of the regular value theorem, the values of y € R for which
7 (y) is an (n — 1)-manifold. What are the other non-empty = (y)?
(6) (6 points] f"‘ Sy (ii) [10 points] For cach y € R such that 7' (y) is an (n — 1)-manifold, compute the tangent
v el space, T.m~*(y), at each = € 74(y).
Solution: Let's substitute u = e* + 1; then,
du =" dw. Aswgoes from 0 toIn3, u = e¥+1 (iif) [5 points] Geometrically, what do each of the non-empty () correspond to? (hint:
draw a picture when n = 2). Guess which manifolds they are diffeomorphic to.
2 It is interesting to note that there is one type of basic finction we do not yot know how to integrate,
namely the logarithm. In this question you will derive & new integration technique that will enable you
1 1
HoNORS ANALYSIS | HOMEWORK 5 PDE 1 EXERCISE SHEET 3

Due by October 8th at 11:59pm EST on Gradescope

‘To submit this assignment, you will need a scanned copy of your homework saved as a PDF via
Gradescope. If you write out your assignment on paper, you can create a PDF file by using a scanning
app (e.g. the Gradescope app) on your phone or tablet, or using a scanner in the library. Once you
have your PDF copy of your homework, head to the course Canvas page and select Gradescope from
the left hand menu. Onee in Gradescope select the correct assignment to turn in (e.g. “Homework
17) and follow the prompts to upload your PDF. Tt will ask you to tag the problems on each page
of your submission so the grader can find your work (don't skip this step!). After you have tagged
the PDF you are ready to submit,

There are 4 questions to answer for a total of 30 points:
1. [4 points] (Rudin, Chapter 2, #16) Regard Q, the set of all rational numbers, as a metric

space, with d(p,q) = |p— q|. Let E be the set of all p € Q such that 2 < p* < 3. Show that E
is closed and bounded in @, but that E is not compact. Is E open in Q7

L

[6 points] A Lebesgue number of an open cover i of & metric space (X, d) is defined to be
some number & > 0 such that every F C X with diam(E) = sup{d(z, v) |2,y € E} < § we have
E C U for some open set U € U. Show that every open covering of a compact metric space has
a Lebesgue number. Give an example to show that a Lebesgue number may not exist if we drop
the compactness assumption.

| of

Suppose B hus the standard metric. We write
@ = {w= (- ws) € R*: y; € Q for each j}.

(a) [4 points] Suppose G C R* is an open subset. Show that for any = € G, there exist an
y € @ and a rational radins r € Q such that = € B,(y) and B.(y) C G.

(b) [6 points] Suppose E C R* is any subset and {G,},c is an open cover of E, that is,
E € |J,c4 Ga and G, is open for each a € A. Here, let A be infinite. Prove that there
exists a countable subcover of £ in the sense that there exists a countable subset Ay C A
such that £ € Uen, Gar

[10 points] (Rudin, Chapter 2, #29) Prove that every open set in R is the union of an at most
countable callection of disjoint segments.
Additional problems (for your own practices)

The following are the problems for your practices only. Do not turn in these, but I am happy to
discuss,

1, Rudin, Chapter 2, #10, #12, #13, #14, #15, #18, #29

Exercise 1, Suppose that £ C R" is open and & > 0. Taking 7 as in the lectures, and considering its
resealings n.(z) = £ "n(x/c), show that the mollification of u at scale ¢, defined by

ug(x) = f nelx — yhuly)dy  for every x € Q, = {z € 2| dist(z, I0) > ¢},
n
ties in €=(§2.) by showing that for every multi-index a € N* we have
DPu,(z) = j Dz — whuly)dy  for every 7 € 0.
n

fhint: start by showing u, is continuous. Compule the first partial derivatives of u, at each point of

8§, using the definitions, and then show they are . How rany of i
did you have to use in this argument? Use induction to conclude).

Exercise 2. This exercise shows how to construct a partition of unity as used in the proofs of the
Sabolev approximations:

1. Let U,V C B" be open, with V ©C /. Show that there exists € C=(U/) such that ¢ = 1 on
V, ¢ =0 near U (hint: Take V cC W CC U and mollify the idicator function of the set W),
This is sometimes called the smooth Uryshon lemma.

2. Assume U i bounded and U € UL, V. Show that there exist test functions g, for i = 1,..., N
such that 0 < ¢ < 1 and spt i, € V, for eachi = 1,..., N and 5%, , = L on U. The functions
{@}1L; are then called partition of unity subordinate to the cover (V}¥y of U,

Exercise 3. Assume {2 C R” is open and let 1 < p < oo,

(n) Give an example of functions u,v € LL(f2) such that the product u - v is not in L1 (02).

(b) Assume u € W'¥(€) and v € W (f2). Show that the product u - v lies in W'(f2), and that
its weak derivatives satisfy the Leibnitz Rule: for each k= 1,... n, we have

Dyfu-v) = (Deulo + u(Dyo)

in the sense of weak derivatives. (Here Dy denotes a partial derivative in the k-th coordinate
direction.) Moreover, show the estimate

llu - wllwrriey < Nullwsngaylollws. =y,

(hint: Given any test function ¢, choose an apen subset ¥ such thet supp(p) C ¥ CC @ and,
when computing the integrals that appear in the definition of the weak derivative, use o sequence
of mollifications of u defined on ¥ convergimg o ulg in W'*((Y). On the way, you should use
the definition of weak derivative for v, and the L bounds on v and ifs partial derivatives to
compute certain limits),



3.2 Quizzes/Exams

Screenshots of a single page of a quiz or exam (one with typed solutions in blue) for the courses Calculus I,
Calculus on Manifolds, Honors Analysis I, and Partial Differential Equations I are included below.

NAME: Hopkixs 1D:

5. Determine whether the following statements are true or false (circle your answers), You do not need
to justify your answer,

(a) [2 points] There is a function that is differentiable but not continuous. | True False

(b) [2 points] ;:;"—‘1' +sin(z)) = 64¢** + sinfx).

Loifz#0
E s integrable on [1,2].
5 Hevid egr 1.2 |

[ True | False

() [2 points] f(z) = {

True False

(d) [2 points] f(£) = *434) has removable discontinuity at = —1.

(e) [2 points] g(xr) = * + 2r? — 3 has a minimum value on (25, ~17].

[ True [ False |

NAME: Hopkins ID:

Quiz 2, Honors Analysis I, Fall 2025

JHU Ethics Policy reminder: Each member of the University bears a personal responsibility to
uphold the ethical standards of the institution. You should not discuss the content of this quiz with
other students in the course until everyone has taken it. Please sign below to indicate that vou
understand the ethics implications in this quiz environment:

You have 75 minutes to answer the following 6 questions for a total of 100 points:

|20 points] Let z, > 2 and define the sequence (z,) C R by the recursion formula

- a
=g ()

Show that the sequence {x,},en converges, and find its limit,
[15 points] Let f : (0, 1) - R be defined by

Lol

, where ged{m,n) = 1.

You showed on the homework that [ is continuous at every irrational number and discontinuous
at each rational in (0,1). Now show however that [ is not differentiable at any point of (0,1)
(hint: for z € {0,1) consider, for cach n > 1, the unigue integer a, such that nzr—1 < a, < nx).

. [20 points] Suppose that f is differentiable on a closed bounded interval [a, 5. Prove that if
J' is increasing on (a,b), then f' is continuous on [a,b] (hint: can a derivative have a jump
discontinuity?).

-

. [20 points] Suppase that £, : £ — R for n > 1 is a uniformly convergent sequence of finctions
on & metric space E. If g : R — R is uniformly continuous, prove that the sequence (g ¢ f,)
converges uniformly on E.

Lo

Let €= denate the vector space of all bounded sequences of complex numbers, i.o

o= {(:nA)CC

sup |z, | < ou} 5
w2l
We define a norm on £ by setting
Gzl = sup en.
w21

(a) [5 points] Prove that || - ||, is indeed a norm on ¢,

(b) [2 points] Give an example of a sequence () € £ with [[(#,)]x = 1 such that z, # 1
foralln > 1.

(c) [3 points] Is £ a Banach space? Briefly justify.

L

[15 points] If you expected a problem to be appear which didn't, state and solve it.
Have « good break!
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NAME: Hopxins ID:

Quiz 2, Caleulus on Manifolds, Spring 2025

JHU Ethics Policy reminder: Each member of the University bears a personal responsibi

uphold the ethical standards of the institution. You should not discuss the content of this quiz with

other students in the course until everyone has taken it. Please sign below to indicate that you
o d the ethics implicati in this quiz envi

You have 60 minutes to answer the following 5 questions:

1. [5 points] Define the tangent space at a point on & manifold and state its dimension.
Solution: Let x € M be a point in a manifold. The tangent space to M at r, denoted T, M,
is the collection of all tangent vectors, which we define as linear functionals D : O~(M) — R
with the property that
D(fg) = g(z)D(f) + [(x)D(g)

for each f, g € C™(M). The dimension of the tangent space is the same as the manifold.

L

[10 points] If M € A is a submanifold and z & M, shaw that T.M C T.N.

Solution: Every tangent vector arises as the velocity of some curve (as shown in homework 2),
thus as every curve in M is also a curve in N the tangent vectors to M at a point r must
also be tangent vectors to N at 2. Alternatively one can use the fact that the inclusion map
i+ M — N is smooth and diffeomorphic onto its image (as it is an embedding of M into N),
hence its differential d.¢ : T.M — T.N is injective and provides an inclusion of vector spaces,

o

. [10 points] Is the cross, (R x {0}) U ({0} x R) C R?, & manifold? Justify your answer.

Solution: Notice that away from the origin in B the pieces of the eross are a l-manifold {as
it consists of four half rays diffeomorphic to the open interval (0, 0¢)); thus i the cross were a
manifold it would be 1-dimensional. On the other hand, consider the curves (t,0) and (0, t) for
each t € R. These produce tangent vectors, (1,0) and (0, 1), at the origin that span R?; thus the
tangent space at the origin, if it existed, would be 2-dimensional. This contradicts the fact that
the tangent space should be the same as that of the manifold (which should be 1-dimensional).

-~

Let x: 5" € R™*! — R be the projection, 7(z1,.. ., Tns1) = Fns1-

(i) [10 points] Find, by means of the regular value theorem, the values of y € R for which
a'(y) is an (n — 1)-manifold. What are the other non-empty = (y)?

(i) [10 points] For each y € R such that 7 '(y) is an (n — 1)-manifold, compute the tangent
space, Tom ' (y), at each z € 771 (y).

(it} [5 points] Geometrically, what do each of the non-empty 7(y) correspond to? (hint:
draw a picture when n = 2). Guess which manifolds they are diffesmorphic to.
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NAME: Hopkins ID:

Quiz 1, PDE I, Fall 2025

JHU Ethics Policy reminder: Each member of the University bears a personal responsibility to

uphold the ethical standards of the institution. You should not discuss the content of this quiz with

other students in the course until everyone has taken it. Please sign below to indicate that you
d d the ethics implications in this quiz envi :

You have 60 minutes to answer the following 4 questions for a total of 40 points:

(a) [9 points] Let 2 C R" be open, define what it means for a function v € Lj, (§2) to be
a weak derivative of u € LL,.(12) corresponding to a multi-index @ € N", then define the
Sabalev spaces W'#(£2) and WP (0) for p € [1, o]

(b) [6 points] Find the value of A € R so that the function u € L'((—1, 1)) defined by

{u(:) =z+1

wz)=A-2

if € (-1,0]
iz e(,1)
has a weak derivative v € L'((~1, 1)), and then compute this weak derivative,

4

(a) [2 points] Define what it means for a function to be absolutely continuous.

(b) [4 points] Use (a) to state (but not prove) a characterisation of the Sobolev spaces
W¥((a, b)) for bounded intervals (a,b) C R and p € [1,00].

(¢) [2 points] Can a continuous but nowhere differentiable function on a bounded interval
have a weak derivative?

o

(a) [1 points] Define the Sobalev conjugate, p*, of p € [1,n).
(b) (3 points] State the Gagliardo-Nirenberg-Sobolev inequality for functions in C}(R").
(c) [5 points] Prove that if u € C}(R*)nW!'#(R?), then for some constant €' > 0 independent

of u we have f““ <t (/u:) (jwul’}.

where all integrals are over B? (hint: use (b) and consider u®).

{d) [2 points] Let 1 C B" be open with 80 €' and state the Gagliardo-Nirenberg-Sobalev
inequality for functions in W(£2),

() [1 points] Prove that if {2 € R? is open with 8@ €' and v € W'2(02), then there is &
constant €' > () depending on § but independent of u such that

fese(f)(foe) -<(f+).

where all integrals are over @ (hint: use (d) and consider u?)

. [5 points] If you expected a problem to be appear which didn't, state and solve it.
Have a good break!
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3.3 Group & individual projects

Math 106/108 ProJECT 2

1 Introduce Yourselves and Assign Roles for Project Teams

Roles will be assigned based on your birthdays. Whoever has the second birthday in the year is
assigned to role 1, next birthday is role 2 and so on. If there are only 3 members in your group,
combine roles 3 and 4:

1. Discussion coordinator - ensures all are heard
2. Notes coordinator - ensures documentation is in a shareable form

3. Reporter - is ready to speak for the group when talking with your Section Workshop leader
undfor other groups

4. Submission coordinator - makes sure everyone understands what is left to do (if anything!)
hefare the submission deadline: makes plan to get together, makes plan for uploading assignment
(this person doesn't necessarily need to upload but is responsible for the group agreeing on a
plan).

2 Group project
This part of the project should be worked on collaboratively.

2.1 Learning Goals

+ Students will review the intermediate value theorem and applicaitons of the intermediate salue
theorem to equation selutions.

o Students will apply the IVT to & real warld situation.

Screenshots of a group and individual project for Calculus I are included below.

o J has no zeros in |4, 3] o f(3)=-1
o f does not attain the value 1 on [—4, 3]
(d) » f(-4)=2
2. Let f(x) =sin(x) +z +2 and g{z) = log {32 + 1) +2* — 3. Is there & value of = between 0 and 5
for which f(z) = glx)?
3. What is the average height and weight of a new born? What is the average height and weight of

an adult? Make sure to cite your references!

2.3 Group Submission - Due Friday 9/27/2024 by 11:59pm EST on Gradescope
In a concise one page report, answer the framing question:

Was there a paint in time when your weight (in pounds) and
your height fin inches) were the same?

and point to your work in 1, 2, and 3 to support your claim and to explain why you need to make the
key assumption you had to make. Your submission should include a discussion of what ior you
must make about the height and weight functions to apply the IVT and whether or not your group
thinks that this is a reasonable assumption to make, Make sure to properly cite (using s citation stylo
of your choice) ull references you use.

To submit this assignment, you will need a scanned copy of your project saved as a PDF via
‘Gradescope. If you write out your assignment on paper, you can create a PDF file by using a seanning
app (e.g. the Gradescope app) on your phone or tablet, or using a scanner in the library. Once you have
yaur PDF copy of your homework, head to the course Canvas page and select Gradescope from the
left hand menu, Once in Gradescope select the correct assignment to turn in (e.g “Group Praject
2") and follow the prompts to upload your PDF. It will ask you to tag the problems on each page
of your submission so the graders can find your work (don't skip this step!). After you have tagged
the PDF you are ready to submit.

» Students will consider limitations of their model.
3 Individual project

Sometimes odd behavior can be hidden behind the surface of rather normal-looking functions, Consider
the following function:

2.2 Group project work

You will work through 3 exercises that pave the way for understanding the following framing question

Was there a point in time when your weight (in pounds) and
your height (in inches) were the same?

2 ifz<0
"(IJ={u iz 0 w

The problems below will help you think sbout the framing question and important assumptions you
may need to make when considering this problem. Sketch a graph of this function. Does it have any vertical segments or corners? Is it differentiable
everywhere? If so, sketch the derivative of this function. Is the derivative differentiable everywhere?
1f not, at what point(s) is it not differentiable? Draw the second derivative wherever it exists. Is the
second derivative differentiable? Is it continuous?

L. In each part below, sketch a continuous function f defined on [—4,3] which has all three of
the given properties (if possible), IF it is impossible, would it became possible if £ did not have
to be contimions?

{a) » f—d) =2 . F@=5 3.1 Individual writing assignment for portfolio 1
* f(8)=5 o [ has a zero in [-4,3] **106** You arc hired by Pearson to update and edit a Sth edition of Calealus for Biology and
o f has no zeros in [-4,3] Medicine by Claudia Neuhauser and Marcus L. Roper. You decide that the problem above would
make for & good example following example 1 in section 4.2.2 of the text before the introduction of the

(b) ® f(-4) =2 Theorem. Rewrite this problem and complete solution(s) with explanation for inclusion in edition 5

1 2

of the text. Your audience for this assignment is your group of peers in the class. Your example and
solution should not exceed one page.

Notice that in example 1, the texthook does not clearly state what question is being answered by the
example. It would have been better for there to be an explicit question at the start, asked in a simple
way such as

* Where is g(r) = |z| differentiable?

Your write-up should state the question you are answering in a simple way in addition to providing a
salution. (Example 3 in Section 4.1 does this well.)

Notice that the solution gives two perspectives:
« algebraic (computing using the limit definition of the derivative) and,
+ geometric (looking at the graphs of and its derivative!)

Your solution should be similarly scaffalded for your peers to use as a learning tool and be able to be
inserted into the section after example 1.

##108** You are hired by Cengage Learning ta update and edit a Oth edition of Single Variable Cal-
culus, Early Transcendentals by James Stewart. You decide that the problem sbove would make for
4 good example following example 5 in section 2.8 of the text before the introduction of Theorem 4.
Rewrite this problem and eomplete solution(s) with explanation for inclusion in edition 9 of the text.
Your audience for this assignment is your group of peers in the class, Your example and solution should
not excead one page.
Notice that in an Example like 5, the question is asked in a simple way:

» Where is g(r) = |r| differentiable?
But the solution gives two perspectives:

» nlgebraic {computing using the limit definition of the derivative) and,

« geometric (looking at the graphs of and its derivative!)

Your solution should be similarly scaffolded for your peers to use as i learning tool and be able to be
inserted into the section after example 5.
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3.4 Presentations

For the (graduate level) Partial Differential Equations IT course, instead of written assignments, I asked students
to give a 25 minute presentation on a topic of their choosing. The suggested topic list, including those that
were needed to round out course content as well as optional extras for graduate students, was:

Needed:

e Calderén--Zygmund estimates for the Poisson equation | :
e Construction of barriers for the MSE | L
e Non-existence for the MSE on non-convex domains )

Optional:

e Parabolic PDE (i.e. how does the theory of PDE I+Il adapt to this setting).
e Mountain pass theorem and applications to semilinear elliptic PDE.

Curvature estimates for minimal hypersurfaces (by Di Giorgi iteration).

Moser iteration (as an alternative approach to Di Giorgi iteration).

Smooth to analytic for solutions to elliptic PDE.

3.5 Reflections

Screenshots of quiz wrappers and course reflections for Calculus I are included below.

2  Quiz Wrapper MatH 108 COURSE REFLECTION

1. Do you think that the problems on the quiz fairly re- 2. Did the grader’s comments and your quiz corrections

fleeted the topies covered in class, in the homework and  provide you with an adequate revision of your wnder-
on the practice quizees? 1f your answer is NO, please  standing of the concepts that were assessed in the quiz?
explain If your answer is NO, please explain

D YES
D NO

DYFS
DNO

What percentage of your preparation for the quiz was 4. Now that you have looked over your quiz and corrected
done alons and what percentage was done with one or  it, estimate the percontage of the points you lost dus to
more persons? each of the following:

% Alone % With other(s)

. % from not understanding & concapt
Hirwt: wnineh - imie: i g spend vevianing: oo studyig % "
with each of the following: - % from not heing careful (ie. careless
oltadien o el ecunpitational sevoed)
o Reading class notes . % from not being able to formulate an
P e
« Reworking homework problems
. % from ather rensons

"Wtk it phsotion i problein (il Yook

at the solutions) _

Please explain:
« Reviewing practicn quiz solutions

« Reading the book

+ Working out additional problems

5. How could you have prepared more effectively for this quiz? (This eould include using different resources or study
strategies, studying more, or optimizing your time across courses better, etc.)

6. What strengths and weaknesses in subject-knowledge has this quiz revealed? (Ex: trauble setting up related rates, a
misunderstanding of indeterminate forms, etc.)

7. To what extent does your performance today indieate thet you are making progress in this subject?
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Due as part of “Personal portfolio 2 on Friday 12/6/2024 by 11:59pm EST on Gradescope

To submit this assignment, you will nced a seanned copy of your last 2 individunl projocts, last 2 quiz wrappers and your
course rofleetion saved 15 one PDF via Gradescope. If you write out your assignment on paper, you can create o PDE filo
by using & scanning app (e.g. the Gradescope app) on your phane or tablet, or using & scanner in the library. Once you have
your PDF copy of your homework, head to the course Canvas page and select Gradeseope from the left hand mem, Once
in Gradescope select the correct assignment to turn in (e.g “Personal portfolio 2°) and follow the prompts to uplosd your
PDF. It will ask you to tag the problems (which in this case will be of the 5 assignments to be included)
on each page of your submission so the geaders can find your work {don’t skip this stepl), After you have tagged the
PDF yau are ready to submit. = = =

Having come to the end of the course, please reflect and answer the following questions

1. What advice would you give to a student about to start caleulus [ at Hopkins?

2. What do you wish you had known before starting caleulus T at Hoplins?

3. 1f you were going to take this course again, what would you do differently?

4. What was your favonrite result /example from the courss? What was your lesst. favourite?

5. What would you change about the course if you were to teach it yoursell? What would you keep the same?



4 Note samples

4.1 Handwritten

Students were provided with handwritten notes for the three courses Honors Analysis I, as well as Partial
Differential Equations I + II; a screenshot from each is included below.

We uUse Cadinelivy. to mome Sese of indiry (_f] P) @ Juts 9Lk a dut A blase  Spaces: @
Whinven: For neMN kb (23S0 20 0T WE Sy bhar & Exeesiggs - Ulx)z €% 6n 1R, UECT(R), [Vl o=, IVl =m furu
=t f 4 e Fant iF Aw[a] For Sme nelN . f}““‘ L, U ECA(R), U‘C‘[[E)Iﬂullpqn::h,:_

-1 ® 0 i Pl
ﬁi’g‘:‘_u:_g@ - Todinie 7 A g nor Fire. : ¢ g 1 R -
F C,_,__:,:h_m_, i AN A L N YT [0l - Sonstt .
v At mosr (ombsle i A is fen o lanmile. » 1:4, BcIR" is vait open ban, of€(0,0) U:ff = IR i

d by Utz lxl™ b usl’(ﬂ)@) “P <n.

e

r Uacanteile F A K nedler- Fede or Govnkble-

WE (an Now Lkaming the Size ot d""fﬁ" Seks : uneharel  Analyli im inerigs ﬂ (M)
We recat Barsch o Hilben Spaws ore  Uechor SPaws Cqvipped wih
Exumoles: = ;ﬁ fo, 18, fabe, .. 2} ae Hoe . G norm or satr pmdve rESpetively thib indice @ Complen wetnz,
in bhe Strse bhor eviny Cauchy S€rute i Gonvergenr. Tlese nowes
. rN',l,G, |R,2P‘f~¢s§ ot hidinde. are usedot Studying Juncran Spaes a5 we wa S8, dadk So we

record Some Frdlar Rokws ke Wdhot Prooks:
*Z,0 ot ooamile, for Z He mop £:iN-s 2 defed

o Qtknivin: A Baack [Hilber Spae 15 Sepomble i# > Conrmins a
3= {’y ik e-.:: ril a bijechm ﬁ_‘ﬂ') Comnboste  dense  Subser,
b = o
’Tlaf. ot ,-nm-;, W o Shaw thot @ s canmile, Eracrls: (%, 11) & sepensie as @ i Jense.
t3,
P be

' 3 PPt g I . e L7 (0) & sepeasie for Pelied), L) 75 nor.
t ] #i

VZ. oR _,L;—-,zxs n,gtl—a(l’,!.)ti'.

doma: TF 2 cIR™ i open, PEL1,02), 6l wed f\n_) then thue
is & Senmee (vi) & COLA) wik i v in A% e
s We will shat Ehot "ZK""" ke CJJEAJ ae uranmile, I -vgit,p o 4ar Ko,
bob  Lhit wil Mgy some Mar®  prelim auns' el 1Fta) .
s s Rr peve,es @ ek ben [ | =%
morth: Odn T wre nzl dr Olomenrs of {n EIN I n#oz. W ek oppromerdd i+ 4% (1) by Co(R) fag. “

We Con nou prve the OSvilahion diaay Whil jmplies bhe 27N €%
Csrmope ;

fast : (ob o™ o %) Recan, we acwwe € H'(B:001) Soties Lv==
LJL&HI’ in fslb-) Gl wask = Hd Helo) m,—,"aﬂ oA A Sl
the
' osc () € (-8 mcw—)
Byt Byt

W Cansitp Yo duncra. difid onBute) by
2 §1H:.—J+..J(w
W= 2o [\r&c) » €l-u,1],
(4%

Visesny :

Sup osc/,_ \
ind ~085.s Y
wr - Sk h w

5o Hot j- Pantdsr we @usime bhar ‘I:];sc.;,u; 2 ol SLw=ps. We b,
ey, OSSre , WHer fare oF snur-m,,bhn-

,f[,mo}ng,t»)l 2 ?J‘—')J-f* (o tove —us f-\rmd")
Applging be Guanttatie jumprng Lemma we Fid ther @ some Fro
HeGang 8 A, DA we hove

-l ¢ m<|‘o'|-ﬂlo)->05cf«1)¢2.2{

{In)
Nou, Aoh~g Hor
SE (¢ b
05 3= i;_. 08¢ tw) = ose (Wg(I-% )se ()
50”7 L Ga By -%)g,

Ond- So wWR Con  Ser =% & tonclde e deswed  ascllakon
decay , whizn in e imptits He L% b 0¥ essmate!  H

L@ now piece tomiler eVEMLWiny we have S far
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4.2 Typed

For the Calculus on Manifolds course I typed up notes myself; a screenshot of two pages is included below:

1.2 What is (and is not) a manifold?  Consider the matrix groups, GL{n, R) and SL(n, R), formed of n x n matrices with non-zero and
unit determinant respectively. These form manifolds of dimension n? and n? — 1 respectively

While these groups can be viewed as subsets of R (for instance by stacking columns of the
matrices), this perspective does not tell us much, if anything, about their group structure.

The concepts of caleulus make sense locally, by which we mean one only needs to know how & function
behaves near a given point. We can thus reasonably expect to make sense of those same concepts
in more general spaces where one only asks for a Euclidean structure locally, allowing for the global
picture to potentially look very different from Enclidean space. A slightly more precise formulation
of what it means to be locally Euclidean is given by the notion of coordinates; for example, near any
point an the sphere one needs only two numbers to smoothly parametrise the space.

The (Pac-Man) torus, formed by identifying oppsite sides of a sqnare (with the same orienta-
tion) is a 2-manifold. This does not sit inside of B?, like the donut torus, without having to
*bend /twist’ the square.

Laasely, a manifold will be a space formed by patching together small regions in which the object has
a Euclidean structure, This is in strong analogy with the way in which maps of the earth are created
through the use of charts and atlases (terms we will soon see in a mathematical context). Before
diving into the formal definition of a manifold, we first familiarise ourselves with some examples (and
non-examples) of manifolds with the idea in mind that a manifold should be an object composed of
regions that can be smoothly deformed to look like Euclidean space.

The Klein bottle, formed by identifying two sides of a square with the same orientation and
identifying the other two sides with opposite orientation, is a 2-manifold. There is no way to
make this sit in R withont it self-intersecting.

The projective space, RP®, is formed by either taking the n-sphere, S, and identifying antipodal
points or by identifying colinear points in R™*'. This is an n-manifold and may be thought of
as the space of lines in B"*1.

121 E les of ifolds in Euclid space
We first look at some examples of manifolds that arise as subsets of Euclidean space: The final thre ples of abstract manifolds above are formed as quotient spuces of Euclidean space.
As it turns out, and as we will see later on, every manifold can realised as a subset of R” but this is
® For each non-negative integer, n, the n-dimensional Euclidean space, R", is an n-dimensional not always a natural way to view them, and may not preserve any additional structres on the manfiold
manifold, hereafter an n-manifold, as is any open subset, U C B, If n = 0 then R” is a point, (such as a notion of distance). We will thus be interested in definitions and concepts that are intrinsic
unions of points are O-manifolds. to the manifold itself, and do not make reference to an ambient space.
o Any m-dimensional subspace (or affine plane) of R" is an m-manifold. Necessarily m < n, m = 1 1.2.3 Examples that are not manifolds

corresponds to lines, and m = 2 corresponds to planes.
Let us finally discuss some examples of objects that we want to prechide as manifolds:

The cirele, §' = {(z),72) € R*|2] + 23 = 1} C R?, is a 1-manifold {explicit coordinates are

given by 8 -+ (cos(8), sin(#)) and the sphege, 2 = {(zs, 2, 25) € B | it zi+22 = 1} C BY, isn o Consider n figure of cight (or just the union of the coordinate axes in R?). While this is a
2-manifold {coordinates can be given by stercographic projection). Mare generally, the n-sphere, 1-manifold away from the intersection point, at this intersection point there is no way to assign
5= {(21,-..,20) ERY| £, 2 = 1} € R™I, is an n-manifold. local coordinates there. Similarly, the cone, C = {(z), %, x4) | #7473 — 2§ = 0} is not a manifold.

» The (donut) torus, given by {((2+ cos(d}) cos(e), (2 + cos(9)) sin(d), sin(0)) | 0.6 € B} C R?, is o Consider the square or cube. while the faces of the shapes locally look like R?, the corners of
a 2-manifold. The (standard) torus, T3 = 5! x §' C RY, is also a 2-manifold. These two object, the object are not smooth. These re examples of topological but not smooth manifolds (which
while different as sets, are the ‘same’ manifold in an appropriate sense (they are diffeomorphic). we will refer to simply as manifolds in this course).

+ The Mébius band, B = {(cos(8), sin(8), reos(L), rein(2) € R |r,6 € R} C RY, is a 2-manifald. » Fractal like objects such as the Koch snowflake, Peano space filling curves, and Alexander’s
Notice that projection to the first two coordinates gives a copy of the eircle, S', whose preimage harned sphere (1 phic but not diff phic to the sphere) are locally homeomarphic
is a straight line. As @ varies over an interval of length 27 this line rotates a half turn (so two to Euclidean space but not smooth in an appropriate sense.

loops round the circle in the projection arrive at the same point). .

The second and third bullet points above describe objects that are topologically manifolds in the sense

1.22 Examples of abstract ifolds f.hat they locally can be deformed to look like Euclidean space, !:|1l this deformation cannot be done

in a smooth manner; and hence they are not (smooth) manifolds.

Not all manifolds sit inside of Euclidean space in a natural way. For example, in physics one thinks of
our universe as a 4-manifold (three dimensions of space and one of time), but we do not seem to exist . P .

a5 mbact; o soms. biggar ambient spais; We o lookat examplea of abetract ranifokls {abatriot 2 Manifold preliminaries

i ! ; ol BY):
in the sense that they do not lic naturally in a copy of R"): We want to identify an appropriate mathematical notion that allows us to piece together sets that look

o Space-time itself as & 4-manifold does not seem to sit inside of some copy of R”, but is locally like Euclidean space into a global object. This will be done by first introducing topological spaces,
Euclidean, sometimes referred to ‘rubber sheet geometry’, which posses the desired property of the abstract
3 4

Proposition 5. (Properties of the global differential) Let F: M — N and @ : N — P be smooth
maps between manifolds. Then we have the following:

1. dF :TM — TN is smooth as a map betwcen manifolds.
2 d(GoF)=dGodF.

& d(ly) = Iru.

4. IFF is a diffeomorphism then dF is a diffromorphism with (dF)~' = d(F-").

Proof, The first. property follows by virtue of the fact that the coordinate representation of d,
depends smoothly on the point & € M. The second, third, and fourth property follow directly from
the properties of the differential previously established. o

Just as we alternatively called the differential of a smooth map at a point a pushforward, we have the
following notion:

Definition 81. If F: M — N is a diff hism between manifolds, then the pushy of F,
denoted F. : T(TM) = T(TN), is defined for X € D(TM) by F.(X) = dF(X); i.e, F.(X)(F()) =
A.F(X,) for each x € M.

Remark 33. We require F' to be a diffeomorphism in the definition above since if F' were not injective
then. it would not be well defined, and if F was not surjective then it would not be defined on all of N.

3.5 Cotangent bundle, 1-forms, and the line integral

A physical interpretation of the integral along a curve in Euclidean space is that of the ‘work’ done
moving along the curve. Precisely, given a smooth curve 5 : [a,b] —+ R™ with «(a) = z and v(b) =y,
the integral along this curve should provide us with a number quantifying how much ‘work’ (or energy
etc.) was done moving from = to y along y. We can discretise this curve by considering vectors, v,
joining points, x,_y to =y, which lie on v so that zy = ¢ and x, = b, and then assign an amount of
‘work’, w; € R, taken to move along the vector v from z,_; to ;. The ‘work’ done along this discrete
path of vectors from a to b is then equal to 7, w;. If we imagine taking a limit of this process we
would need an object, w, which inputs vectors tangent to the curve and outputs a number at each
point of y. We should then have by a limiting process that the ‘work’ done to move from a to 6 along
4, or the integral of w along 7, is given by

[e=m

See [Tao20] for more motivation in this vein (which is where I took the idea for this brief motivation
from). In this section we will make this above idea preeise.

In order to make sense of the above discussion we will introduee objects that are “dual” to tangent
vectors and fields, for which we need to recall some linear algebra:

Definition 32. Given a finite dimensional vector space, V, over R, a covector is a linear functional
w:V =+ R; i, a lincar map from V to R. The space of all covectors is the dual space of V', which
we denote by V*. Given a basis, {e}2y C V, of V we define the dual basis, {£°}, C V*, for V*

B

A full version of the notes, which I will update for the Spring 2027 course, are maintained at:

https://kobe-marshall-stevens.github.io/Calculus_on_Manifolds_notes.pdf
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5 Evaluations & Feedback samples

In this section I include a sample of some of the evaluation statistics, specific feedback, and also anonymous
responses to a form I send to each class. At Johns Hopkins, for each of my (non graduate level) courses,
students are made to submit evaluations and feedback about the course before they can view their final grades.
The full list of evaluations & feedback for these courses is available upon request.

5.1 Course evaluations

For the Calculus I course (there were 4 sections with 21-31 students in each):

1 - The overall quality of this course is:

Response Option Weight Frequency Percent Percent Responses Means
Poor ) 0 0.00%
Weak (2 0 0.00%
Satisfactory (3) 3 968% |M
Good (4) 13 41.94% | I
Excellent (5) 15 48.39% | N
N/A (0) 0 0.00%
o 2 50 100 Question School Level | Department Level |
Response Rate Mean STD Median School Level Mean sTD Median Dupuﬂmun! Level Mean §TD Median
31/31 (100.00%) 4.39 0.67 4.00 18800 4.16 0.95 4.00 1400 3.63 121 4.00
2-The s ing effecti is:
Kobe Marshall-Stevens
Response Option Weight Frequency Percent Percent Responses [ CELES
Poor (1) 0 0.00% 432 418
Weak (2) 2 6.45% [ | 3.57
Satisfactory (3) 4 12.90% | W
Good (4) T 22.58% | N
Excellent (5) 18 58.06% | I
NA (0) 0 0.00%
o 2 50 100 Question School Level Department Lavel
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
31/31 (100.00%) 432 0.94 5.00 22429 4.16 1.03 4.00 1383 3.57 133 4.00
1 - The overall quality of this course is:
Response Option Weight Frequency Percent Percent Responses Means
Poor (1) 0 0.00% ||
Weak (2) 0 0.00% ||
Satisfactory 3) 3 15.00% | Il
Good (4) 7 35.00% | I
Excellent (5) 10 50.00% | INE—_—
N/A (0) 0 000% ||
0 25 50 100 Question School Level | Depanment Level |
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
20/21 (85.24%) 4.35 0.75 4.50 18800 4.16 0.95 4.00 1400 3.63 1.21 4.00
2-The 's teachi is:
Kobe Marshall-Stevens
Response Option Weight Frequency Percent Percent Responses Means
Poor (1) 0 0.00% || 453 e
Weak (2 1 5.26% | 3.57
Satisfactory (3) 0 0.00% |
Good (4) 6 31.58% |
Excellent (8) 12 63.16% | I
NIA (0) 0 0.00% ||
0 25 50 100 Question ‘School Level Department Level
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
18/21 (80.48%) 4.53 0.77 5.00 22429 416 1,03 4.00 1383 3.57 1.33 4.00




1 - The overall quality of this course is:

Response Option Weight Frequency Percent Percent Responses
Poor (1) 0 0.00% |
Weak 2) 0 0.00% ||
Satisfactory (3) 3 10.71% |l
Good (4) 7 25.00% |
Excellent (5) 18 64.20% | I
NIA (0) 0 0.00% ||
0 25 50 100 Question School Level Department Lavel I
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
28/28 (100.00%) 4.54 0.69 5.00 18800 4.18 0.95 4.00 1400 3.63 121 4.00
2 - The instructor's teaching effectiveness is:
Kobe Marshall-Stevens
Response Option Weight Frequency Percent Percent Responses Means
Poor ) 0 0.00% || 46
Weak 2) 2 714% | B 3.57
Satisfactory (3) 1 357% |
Good (4) 4 14.29% | M
Excellent (5 21 75.00% |
N/A (0) 0 0.00% |
0 25 50 10 Question School Level | Dapartmant Level |
Response Rate Mean sTD Median School Level Mean sTD Median Department Level Mean STD Median
2B/28 (100.00%) 4.57 0.88 5.00 22429 418 1.03 4.00 1383 3.57 1.33 4.00

1 - The overall quality of this course is:

Response Option Weight Frequency Percent Percent Responses
Poor 1) 0 0.00% 439 id8
Weak 2) 0 0.00% 363
Salisfactory (3) 5 17.86% | Il I I I
Good (4) T 25.00% | N
Excellent (5) 16 57.14% | N
N/A 0) 0 0.00%
0 25 50 100 Question | SehoolLevel | Depament Level |
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
28/28 (100.00%) 4.39 0.79 5.00 18800 4.16 0.95 4.00 1400 363 1.21 4.00
2 - The instructor's teaching effectiveness is:
Kobe Marshall-Stevens
Response Option Frequency Perce Percent Responses Means
Poor 0 0.00%
Weak o 0.00% I
Satisfactory 3 1154% | M I I
Good 8 30.77% | .
Excellent 15 57.69% | N
N/A 0 0.00%
[] 25 50 100 SchoolLevel | Department Level |
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
26/28 (92.86%) 4.48 0.71 5.00 22429 4.18 1.03 4.00 1383 3.57 1.33 4.00

For the Calculus on Manifolds course:

1 - The overall quality of this course is:

Response Option Weight Frequency Percent Percent Responses
Poor (W] 0 0.00% 420 i
Weak ) 0 0.00%
Satisfactory (3) 0 0.00%
Good (4) 2 13.33% |
Excellent (5) 13 86.67% | I
N/A (0) 0 0.00%
o 25 50 100 Question Schoal Level Dapartment Level I
Response Rate Mean STD Median School Leval Maan STD Median Department Lavel Mean STD Median
15/15 (100.00%) 4.87 0.35 5.00 17220 4.20 0.94 4.00 1049 3.85 1.05 4.00
2-The ir s is:
Kobe Marshall-Stevens
Response Option Weight Frequency Percent Percent Responses Means
Poor (1) 0 0.00%
Weak @ 0 0.00%
Satisfactory 3) 1 6.67% Jul
Good 4) 1 6.67% [ |
Excellent (5) 13 86.67% | NN
NIA (0) 0 0.00%
0 25 50 100 Quastion School Level | Dapartment Leval |
Response Rate Mean STD Median School Level Mean STD Median Dlplr'.m-m Level Mean STD Median
15/15 (100.00%) 4.80 0.56 5.00 20608 422 1.00 5.00 1041 3.82 1.15 4.00
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For the Honors Analysis I course:

1 - The overall quality of this course is:

Response Option Weight Frequency Percent Percent Responses Means
Poor (1) 0 0.00% 420
Weak 2 0 0.00% 3482
Satisfactory (3) 1 5.26% ]
Good “4) 2 1053% | M
Excellent 5) 16 84.21% | I
NIA (0) 0 0.00%
) 100 Question | School Level Depertment Level |
Response Rate Mean STD Median School Level Mean STD Madian Department Level Mean STD Median
19/20 (95.00%) 4.79 0.54 5.00 18448 4.20 0.93 4.00 1328 3.82 1.02 4.00

2 - The instructor's teaching effectiveness is:
Kobe Marshall-Stevens.

Response Option Weight Frequency Percent Percent Responses Means
Poor (1) 0 0.00% 418
Weak 2 1 526% |0 367
Satisfactory 3) 0 0.00%
Good 4) 2 1053% |
Excellent (5) 16 84.21% ]
N/A (0) 0 0.00%
[ ) 100 Question | SchoolLevel | DepartmentLevel |
Response Rate Mean STD Median School Level Mean STD Median Department Level Mean STD Median
19/20 (95.00%) 4.74 0.73 5.00 22517 4.18 1.01 4.00 1326 3.67 1.18 4.00

5.2 Course feedback

For the Calculus on Manifolds course:

8 - What are the best aspects of this course?

Response Rate | 11/15 (73.33%)

* The lectures are very enjoyable, Kobe does a great job explaining things. | also really like the topic.

+ The professor is phenomenal. By far the best math teacher | have had, and the time and commitment he gives to our learning really shows. The content is very difficult but the Professor makes a
great effort to make sure we understand it.

» The professor is very nice and also tends to give good grades.
* Very well organised course, the professor is very nice, explains everything clearly, very interesting course
= The professor is a good lecturer and also very Kind.

« Kobe is a very good lecturer. The course is very organized and he made the content sufficiently difficult so that it would not be boring for those who already had some background in geometry. The
lecture notes are also fantastic and the grading criteria and quizess are fair.

* The professor is so understanding and really cares that you get the material. Office hours are a must. He is excellent at explaining the abstract concepts in the course. | think the course is well-
paced, too, and as someone who struggles with exam-taking, the problem-set heavy grading is amazing and really makes me feel like my understanding of the material is reflected in the grading.

« Content is great fun! Professor is very organized, friendly, and effective.
+ Interesting subject, good lecturer.
* The subject was covered in an extremely intuitive way and at a very good pace, allowing me to really get a good feel for it, the content was interesting, and lecture was given in a very engaging way

* Best class | ever took

For the Honors Analysis I course:

8 - What are the best aspects of this course?

Response Rate [ 11720 (55%)

+ Nice content, really good instructor.

+ Great content, great instructor

+ Very interesting and difficult homeworks, course content is cool.

+ Fascinating subject matter, excellent lectures, interesting homeworks. A lot of additional resources provided by professor for students who are particularly interested in any given unit.
+ Math.

+ Very interesting topic. Engaging professor.

+ The professor is very knowledgeable and very quick to answer questions about the content.

+ Lectures were very helpful, as well as sections. | felt like | got a really good introduction to Analysis that touched on a lot of important concepts.

+ Kobe is an excellent lecturer; he is engaging, smart, funny, and passionate. is incredibly organized, patient, knowledgable, and kind. Together, they make an incredible teaching team. It
is difficult to provide concreteness to such abstract content, but | think that Kobe did an excellent job- providing examples and connecting to other areas of mathematics we may be familiar with. |
think that | walked away with not only more knowledge of the branch of analysis, but also understanding of the larger mathematical structures that guide our study. Furthermore, weekly section with

helped to solidify and review content and provide a very good starting point to tackle the homeworks; their office hours were also very helpful. Both and Kobe encouraged
students to work together, which created a lovely classroom environment. Thank you both for a great semester!

+ Kobe Marshall-Stevens is an excellent professor who is approachable and makes difficult concepts inviting.

+ The content is just so peak. It opened my eyes to some weird beauty of mathematics that | just didn't think about before. The prof and TA are also very clearly engaged with the class and the
learning, and it makes the experience great.




5.3 Anonymous feedback

In each Canvas course page I include a link to an anonymous Microsoft form with the following prompt:

“This form is for any feedback or concerns you have about the course that you wish to share anonymously. If
you want a response or follow up, please include your email so I know who you are.”

Below I include a sample of some responses I have received; I frequently remind students that they can
(and should) provide this feedback. Some responses were positive and encouraging, while others provided
constructive criticism; I have tried to include a representative sample.

Some positive examples included:
“Hi professor, I just wanted to say that you were very thorough and clear with your explanations today. I
think you did a really good job teaching the chain rule. Keep up the great work :). Thanks!”

“I think today’s class was very engaging because people were more interactive with the lecture!”

“I enjoy the welcoming atmosphere that allows students to feel comfortable asking questions!”
Some constructive criticisms included:

“It would be helpful if you wrote a bit more slowly and neater because at times it is difficult to copy
everything down. I would also like less theory and more practical applications/examples.”

“I feel like the class is allowing me to understand the content well, but the group projects and personal
portfolio seem to be a lot of effort with minimal payoff as far as understanding.”

“I was wondering if it would be possible to use section time to focus more on some of the proofs and less so
the definitions, just since those are easier to review independently and (at least for me personally) it very
much helps to hear the proofs multiple times.”

For the constructive criticism, such as prompts to write bigger/neater and to slow down, I make sure to adopt
this as the semester progresses. The responses about specific assignments and the use of section time informed
me about how to alter the courses going forward; for instance, the second time I taught Calculus I we reduced
the number of group projects and made sure to devote more section time to reviewing content from class.

6 Videos

During the Fall 2025 and Spring 2026 semesters I recorded all of the classes for the graduate sequence in partial
differential equations. Playlists containing video recordings of the classes can be found below.

Partial Differential Equations I:
https://www.youtube.com/playlist?1list=PLbuZZ9R1tZUKX5TtMOULQPBbIxwuF3rrN
Partial Differential Equations II:

https://wuw.youtube.com/playlist?1ist=PLbuZZ9R1tZUKSgRingQor65Xg2yBM1ZkX

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, 404 KRIEGER HALL, 3400 N. CHARLES STREET, BALTIMORE, MD 21218, USA
email address: kmarsh34@jh.edu website: https://kobe-marshall-stevens.github.io updated: 30" September, 2026
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